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Abstract

This paper introduces a novel approach to contextual stochastic optimization,
combining operations research and machine learning to address decision-making
under uncertainty. Traditional methods fall short in leveraging contextual
information, prompting the need for new algorithms. We use neural networks with
combinatorial optimization layers to encode policies. Our goal is to minimize the
empirical risk, estimated from past data on uncertain parameters and contexts.
To that end, we present a surrogate learning problem and a generic primal-dual
algorithm applicable to various combinatorial stochastic optimization settings.
Our approach extends classic Fenchel-Young loss results and introduces a new
regularization method using sparse perturbations on the distribution simplex. This
allows for tractable updates in the original space and handles diverse objective
functions.

We demonstrate the linear convergence of our algorithm under certain conditions
and provide a bound on the non-optimality of the resulting policy regarding
empirical risk. Experiments on a contextual stochastic minimum weight spanning
tree problem show that our algorithm is efficient and scalable, outperforming a
sophisticated Lagrangian-based heuristic with reduced computational effort.

Keywords: contextual stochastic combinatorial optimization, empirical risk
minimization, neural networks with combinatorial optimization layers, alternating
minimization, Fenchel-Young loss



1 Introduction

Consider a decision maker whose choice is affected by some random noise £ € =.
The decision maker does not know & when he takes his decision, but has access to
a realization x of a context variable x correlated to £&. We denote by X the context
space, which means that x takes value in X'. Based on a context realization x, the
decision maker takes a decision y in Y(z). To that purpose, he chooses a policy 7 that
maps a context realization z to a decision y € Y(x). We do not require the policy to
be deterministic and can, therefore, see it as a conditional distribution 7(y|z) over
Y(zx) given x. Assuming that the policy 7 has to belong to some hypothesis class H,
our contextual stochastic optimization problem [1] aims at finding a policy = that
minimizes the risk R, which is the expected cost under 7.

iréi% R(m) where R(m) = E(x¢)yr(x [c(X,¥,€)]. (1)

The expectation is taken with respect to the distribution over (x,y, &) that derives
from the joint distribution over (x, &) and the policy 7. Since the decision maker does
not have access to &, the decision y is independent of & given the context x. In many
situations, the noise £ is observed once the decision has been taken, and the training
set comes from historical data, we thus place ourselves in a learning setting.
Assumption 1. We do not know the joint distribution over (x,&). But we have access
to a training set (x1,&1),...,(zn,EN) of independent samples of (x, €).

In this work, we focus on the combinatorial case where, for any context realization
x € X, the set of admissible decisions )(x) is finite but potentially combinatorially
large, as formalized in the following assumption that holds throughout the paper.
Assumption 2. For every possible contert x, the set of admissible decisions
V(x) € R¥®) s finite. Further, we assume that Y(z) is the set of exposed vertices of
its convex envelope C(x) = conv (Y(x)), i.e., there are no y € Y(x) is a strict convex
combination of other points in Y (x).

Hence, for any 7 in )(z), there exists a € R¥®) such that 7 is the unique argmax
of max, ey ) (0|y), which enables to build policies based on linear optimizers.

Stochastic optimization policies.

Using a stochastic optimization approach, one would typically build a policy © by
solving the stochastic optimization problem that arises by taking the conditional
expectation over £ given x = x.

yg}l&) Ee [c(x,y,f)’x =z (2)

Practical approaches typically solve a sample average approximation of Equation (2).
Decomposition-coordination methods such as progressive hedging [2] solve thousands
of instances of deterministic single scenario problem

yg}l&) c(z(w),y,£w)) + (Oly), (3)



where 6 is a dual vector, such as a vector of Lagrange multipliers. Our combinatorial and
large dimensional setting brings two challenges. First, we do not know the distribution
over (x, £). We may learn a model, but large dimensional x and £ require a large training
set, which we do not always have in industrial settings. Second, the computational
burden required by such algorithms becomes significant and prevents their application
online in a contextual setting, where the computing time is limited.

Learning approach.

We therefore propose a change of paradigm. We instead define a hypothesis class Hyy
of policies m,, parameterized by w in W. Policies in Hyy are chosen to be fast enough
to be used online. And we leverage the training set within a learning algorithm that
seeks a policy m,, in Hyy with a low risk R(m,). Practically we solve the empirical
risk minimization problem.

wew

N
1
min Ry(m,) where Ry(mu)i= x> By, (o [e@y. &) @)
=1

Policies based on a combinatorial optimization layer.

Working with a combinatorial solution space Y(z) makes the choice of 7 challenging.
Indeed, there are few statistically relevant while computationally tractable models
from a combinatorial set to another. We rely on a combinatorial optimization (CO)
layer to build such policies. We build upon recent contributions [3-6] that derive from
the regularized linear optimization problem

0ly) — Qe (1), 5
y@ggﬁ ly) — Q) (y) (5)

a conditional distribution pq. ,, (+|0) on Y(x) (see Section 2.1), where C(z) = conv Y ().
Here, Q¢(z) : dom(Q¢(5)) — R is a proper convex lower-semicontinuous regularization
function, with C(z) C cl (dom(Qc(x))). The simplest such regularization is Q¢(,) = 0,
in which case we obtain a Dirac on one of the argmax. This model is parameterized
by 6, the direction of the linear term. In our policies, we use a statistical model ,,,
typically a neural network parameterized by w € W C R™ to predict 6 from the
context x. In other words, we seek policies in the hypothesis class

Hw = {m: w e W} where w0 (yle) = pace, (vleu(@)), (6)

where @, : z € X — 6 € R¥4®) is a machine learning predictor.

Fenchel-Young losses.

Given the regularized problem (5), the Fenchel-Young loss [3] generated by 2 measures
the difference between the solution y of Equation (5) and a target y € Y(z), as the
non-optimality of the target for this problem. Such a loss is typically convex in 6,



nonnegative, and equal to 0 if and only if pg(+|0) is a Dirac in g. Fenchel duality enables
to characterize it as the left-hand side of the Fenchel Young inequality

La(0;y) = 27(0) + Qy) — (0]y)- (7)

During the last few years, they have become the main approach for supervised training
of policies of the form (6) as they lead to a tractable and convex learning problem.
Under some hypotheses, they happen to coincide with Bregman divergences, and are a
key element in our risk minimization algorithm.

Alternating minimization algorithm.

We rely on the following assumption — which is common in (contextual) stochastic
optimization — to derive a tractable alternating minimization algorithm.
Assumption 3. We suppose having a reasonably efficient algorithm to solve the
deterministic single scenario problem (3).

However, instead of using it online, that is once the context x is known, within a
decomposition-coordination algorithm solving the conditional stochastic optimization
problem (2), we use it offline to solve the learning problem (4), which makes the
approach scalable.

Our learning algorithm works as follows. It introduces a surrogate objective

N
1 . 0 = w(xi),
S(w Y N c xzayzvgz 5£(9i7yi)7 with (8)
(-3e) N ; Yo = (Yi)ic(n) € Vs

where [N] denotes the set {1,...,N}, K > 0 is a positive constant, and L is a
Fenchel-Young loss and

Vg = {(yi)ie[N]5 yi € Y(x;) for each z}

Our learning algorithm is an alternating minimization algorithm of the form

ng) = argmin S(w®, yg), (Decomposition), (9a)
Y®
Wt ¢ argmin S(w, ygﬂ)), (Coordination), (9b)
weW

where y(t+1) = (Z/Z(tJr ))ze[N]. In (9a), we do not write that yg belongs to Vg as

we optimize in practice on a continuous space that contains )Vg. Indeed, to make
this algorithm practical on combinatorial spaces, we need to work on the space of
distribution over Y(x;), which requires some technical preliminaries. We therefore
postpone the precise definition to Section 2. Suffices to say at this point that Step (9a)
decomposes per scenario and requires solving deterministic single scenario problems of
the form (3), and that the coordination step (9b) amounts to a supervised learning
problem with a Fenchel-Young loss, for which efficient algorithms exist.



Related works.

The mirror descent algorithm, introduced by Nemirovsky et al. [7], and analyzed by
Beck and Teboulle [8] and Bubeck [9] to name just a few, aims at solving the following
problem:

r;leig c(y), (10)

where the space C C R? is a closed convex set with non-empty interior, the objective
function ¢ is a convex Lipschitz-continuous function with respect to a given norm || - ||,
the set of minimizers is not empty, and subgradients of ¢ can be easily computed. To
do so, it uses a certain mirror map ¥ between the primal space of pointsy € C and
the dual space of subgradients, that exploits the geometry of Problem (10). Mirror
maps are deeply connected to Legendre-type functions as we discuss in Appendix A.
We discuss the connection between mirror descent and our algorithm in Appendix B.

The stochastic mirror descent algorithm is a variant of mirror descent, adapted
to solve the following kind of problem, which is close to ours, although it is neither
combinatorial nor contextual

min Ee c(y,€)] (1)

where it is assumed that we can easily sample the random variable €. It is based on
technical assumptions that vary in the literature. We refer to D’Orazio et al. [10], Zhou
et al. [11] for the details, and to Dang and Lan [12] for its block variant. It has many
applications, notably in deep learning [13], since it extends the popular stochastic
gradient descent. Roughly, at each iteration ¢ of the algorithm, the noise is sampled £®),
and mirror descent updates are applied using an estimator of the subgradient of the
objective function based on £(®).

Our approach relies on the work of Léger and Aubin-Frankowski [14] on alternating
minimization algorithms, where a two-variable function ¢ : (V,2) — ¢(y,z) is
iteratively minimized along one of its coordinates while the other is fixed. Starting
from an initial point (y(?), 2(?)), the algorithm follows the updates

y+) € argmin ¢(y, 2),
yey

2+ ¢ argmin ¢(y(t+1), z).
ZEZ

The convergence of such algorithms is not a new topic [15], but the wide range
of applications in machine learning and signal processing lead to a revived interest
in the recent years [16]. Generally, the alternating minimization scheme is studied in
a structured context where ) and Z are Euclidean and ¢ is convex. In this setting,
Beck and Tetruashvili [17] were the first to prove a sublinear rate of convergence
when ¢ is assumed L-smooth. In the present case, our function ¢ is neither convex or
L-smooth. A more general setting, without any structural assumption on ), Z nor
¢ is studied by Léger and Aubin-Frankowski [14]. They proved the convergence of
the alternating minimization algorithm when ¢ satisfies the five-point property, first
introduced by Csiszar and Tusnédy [18], that is a non-local inequality involving ¢
evaluated at different points. We leverage this literature in Section 4 .



Contributions and outline.

Our main contribution is to introduce an alternating minimization algorithm for
contextual stochastic combinatorial optimization, which has several nice properties.

1. This algorithm relies on sampling, stochastic gradient descent, and automatic
differentiation to update a model ¢,,, and is therefore deep learning-compatible.

2. It is generic, and can be applied to any setting where assumptions 1-3 hold. It
notably provides a generic algorithm to train policies based on neural networks
with combinatorial optimization layers for contextual stochastic optimization
problems.

3. If the main goal of this algorithm is to learn policies, it can also be applied to
find solutions to stochastic optimization problems. We show in Section 4 that, in
this restricted setting and provided some regularity assumptions, our algorithm
converges linearly in value to the optimum of the surrogate. Provided some
regularity assumptions, we also bound the difference between the empirical risk
of the solution to the surrogate problem and the optimum of the empirical risk,
and thus the non-optimality of the policy returned for the initial problem.

4. Our numerical experiments on the contextual stochastic version of the two-stage
minimum weight spanning tree problem show that our algorithm is practically
efficient and scalable in the size of the statistical model ¢,,, the size N of the
training set, and the dimension of the combinatorial optimization problem. The
limiting factor being the size of the deterministic instances that can be solved in
Equation (3).

The key challenge we face to define practical versions of these algorithms is to develop
regularizations on non-full dimensional polytopes C(x), and on the distribution simplex
over Y(z). They are detailed in Section 3.

5. Based on the work of Berthet et al. [4], we introduce a new sparse regularization
by perturbation on the distribution simplex over Y(z). This new regularization is
perhaps the key element to obtain a tractable and generic learning algorithm for
large combinatorial problems.

6. We highlight several results on Fenchel Young losses [3] on non-full dimensional
polytopes C(x), and on the distribution simplex over Y(x). We analyse their links
with Legendre-type functions, mirror maps and regularizers.

The remainder of the paper is organized as follows. Section 2 provides, without
proof, our main results. More technical sections follow, with Section 3 extending
regularization and introducing a sparse perturbation on the distribution space to suit
our setting, and Section 4 providing some convergence results for the algorithm. Finally,
Section 5 details some numerical experiments.

General notations.

We denote by R the set of real numbers, and by R, the set of positive real
numbers. Let E be an Euclidean space, and X C E be a set. We denote by span(X)
the span of X, aff(X) its affine hull, int(X) its interior, cl(X) its closure, bdry(X)
its boundary, and relint(X) its relative interior. We introduce Iy : E — [—00, +o0]
the indicator function of the set X', with value 0 over X and +oco elsewhere. For
two sets X; and Xy, we denote by X7 x A5 their Cartesian product space, and we



introduce X; + Xy := {x1 + x5 |21 € Xy, 25 € X2}. When in addition X} and X are
vector subspaces of E, with X; N Xy = {0}, we have a direct sum written as X; & Xs.
We extend this notation to S; ® S to denote {81 + 89: 81 € 51, 82 € S} given two
subsets S7 and Sy of E (not necessarily vector spaces) such that (si|se) = 0 for any
s1 € S1 and sy € Ss.

For E an Euclidean space with inner product (-|-) and associated norm || - ||, we
denote by T'g(E) the set of proper lower-semicontinuous (l.s.c.) convex functions from
E to (—00, +00]. For a function ¥ € T'o(E), we denote by dom(¥) the domain of ¥, by
argmin ¥ and argmax ¥ the sets of global minimizers and maximizers of ¥ (possibly
empty), by ¥* its Fenchel-conjugate function,

U EFE— R
Yy = Supxedom(\ll){<x|y> - \I/(ZL')},
and by 0V its subdifferential

ov: E — 2F
v {ge ElVyeE (y—xlg) +V¥(z) <¥(y)}
Let € E, ¥ is subdifferentiable at x if 0¥ (z) # 0; the elements of ¥(z) are the
subgradients of ¥ at x. If ¥ is differentiable at =, we name VW (x) the gradient of ¥
at x.

Moment polytope.

Let ) be a finite combinatorial set in R%, and C = conv())) be its convex hull. As
stated above, we assume that no element of ) is a strict convex combination of other
elements of ). In other words, ) is the set of vertices of the polytope C. We denote by
H = aff(Y) the affine hull of ), and by V the direction of H, a sub-vector space in
R?. We have the orthogonal sum R? =V @ V+, and we denote by Iy the orthogonal
projection onto V in R?. We name Y the wide matrix with vectors y € ) as columns.

Distribution polytope.

Let AY := {g € RY ¢ >0, Eyey ¢y = 1} be the probability simplex whose vertices
are indexed by ), and Hy its affine hull Ha = aff(AY). We denote by Va the vector
subspace (hyperplane) in RY that is the direction of Ha. As previously, we rely on the
orthogonal sum RY = VA ® Vi, where here Vi = span(1). Let § € R? be a cost vector
and ¢ € AY be a probability distribution, then sg = Y T8 € RY is the vector (yT9>y€y,
and pug =Yq= Zy ¢,y = E(y|q) is the moment vector of the random variable y on )
with distribution gq.

2 Main results

We return to the problem of learning structured policies framed in the introduction.
In Section 2.1, we start by defining policies m,,, that is to say conditional distributions
over combinatorial spaces. As mentioned in the introduction, we look for the best
policies, i.e., the ones that minimize the empirical risk Ry (). Our strategy is the
following. In Section 2.1 we precisely define the empirical risk Ry (7, ) that we would



like to minimize. We do not face this minimization problem directly, since it is not
easily tractable in practice. Instead, we define a surrogate function Sy in Section 2.2,
and an alternating minimization algorithm to solve

min S (7r )
e, N\ Tw, d®

I €A

In Section 2.3, we highlight that the alternating minimization algorithm leads to
tractable approximate updates based on decomposition, sampling and stochastic
gradient descent. Then, in Section 2.4, we emphasize that provided some technical
assumptions, the alternating minimization algorithm converges to the optimum value
of the surrogate problem. Last, in a restricted setting and provided some technical
assumptions, we can control the difference between the empirical risk of the surrogate
optimum and the best empirical risk, as depicted in Section 2.5.

2.1 Policies over combinatorial spaces and empirical risk
minimization

We start by a preliminary definition, which is helpful throughout this paper to study

our policies.

Legendre-type functions Rockafellar [19, Section 26]

A function ¥ : RY — R U {+o00} is Legendre-type if it is strictly convex on int(dom(¥))

and essentially smooth, i.e., (i) int(dom(¥)) is non-empty; (ii) ¥ is differentiable

through int(dom(¥)); (iii) lim ||[V¥(w;)|| =+oo for any sequence (;)ien €
1— 00

(int(dom(\Il)))N converging to a boundary point of int(dom(¥)).

Let U € I'g(R%) be a proper convex ls.c. function with Fenchel conjugate U*.
Let D := int (dom(¥)) and D* := int (dom(¥*)). Theorem 26.5 of Rockafellar [19]
states that, ¥ is a convex function of Legendre type if and only if ¥* is a convex
function of Legendre type. When these conditions hold, the gradient mapping V'V is
one-to-one from the open convex set D onto the open convex set D*, continuous in
both directions, and V¥* = (VW) 1. As a consequence, the gradient of Legendre-type
functions can be used as one-to-one mapping from the primal to the dual space.

Mapping scores to distributions.

Recall that AY is the distribution simplex over ). Let Qv be a proper Ls.c. convex
function with domain AY whose restriction to Ha (the affine hull of AY) is Legendre
type. Then
VQhy i s € RY s argmax{s ¢ — Qav(q)}
qeAY

maps any score vector s € RY to a (unique) probability distribution over ). We refer
to proposition 7 for Fenchel duality results that underpin this definition.

Example 1 (Entropy). The most classic reqularization Qay is arguably the negentropy
Qpay = Zyey qylog(qy) +1ay. In that case, V5, (s) maps the score s to its softmax,



which is the exponential family on Y parametrized by s

Vo) = (2 )

Zy/ey exp(sy )/ yey
When Y is large, probability computations can become challenging and require
approximations such as variational inference or Markov Chain Monte-Carlo (MCMC)
methods [20].
Example 2 (Sparse perturbation). In Section 3.3, we extend the work of Berthet
et al. [4] and introduce a new regularization function Qay that we define as
the Fenchel conjugate Qpy = FZ of the function F.a defined over RY as
F. a(s) = Elmax,cy s, +€Zy] = E[maxquy(ersYTZ) q] where Z is a random
variable, typically a standard Gaussian. This reqularization enjoys convenient properties
that we describe in Section 3.3. In particular,

VQhy(s) = VF. a(s) = Elargmax(s + Y ' Z) " q],
qeAY

enabling to compute stochastic gradients using Monte-Carlo approaches by sampling Z,
which is particularly convenient for our algorithms in Section 2.3.

Policies over combinatorial sets.

A policy maps a context value z € X to a distribution over the corresponding
combinatorial set ¢ € AY®) . To define such policies, we map a context z to the score
space, and then map the score to the distribution space as stated above:

HeRH®)
T T
T (+2) =argAHyl§>)<{<Y(w) Puw () 19) = Qv (@)} = Vv (Y(2) ' pu(2)),
qc x ————
SERIV(@)

where we recall that Y (z) = (y)yecy (o) is the wide matrix of solutions in Y (z), and
Yz €Y+ 0 € RY®) is a machine learning predictor. As illustrated on the left-hand
side of Figure 1, an instance z is mapped to a direction vector § = ¢,,(z), then to the
score space s = Y (z) 0, and finally to a distribution ¢ = VQAy(w)(s). The rest of the
figure is further detailed in Section 3.2. Such a policy depends on the weights w and the
choice of the regularization function 25 y). We do not explicit this second dependency
to alleviate notations, since the a single regularization Qv () is chosen once and for all.

The empirical risk minimization problem.

We come back to the setting described in Section 1, and denote by (z, £) a context-noise
pair observation. Recall that we have access to a dataset (z1,&1),...(zn,&N) of such
pairs. Our goal is to find w values that lead to low empirical risk Ry (7).

wew

L
min Ry (my,) = NZ: N [ (mdﬂ@)}

©



v ML layers| ®u (2)

Pu

Fig. 1: Policies over combinatorial spaces leveraging Fenchel duality.

With the Qa previously introduced, the empirical risk is differentiable with respect to
w, and stochastic gradients can be computed using score function estimators [21]. We
could therefore directly minimize the empirical risk using stochastic gradient descent
(SGD). This SGD performs poorly as the score function estimator suffers from a
high variance, and Ry is highly non-convex as it is a smoothed piecewise constant
function [22]. We therefore follow a different approach based on (less noisy) pathwise
estimators for gradients and a convexified problem.

To that purpose, we reformulate the empirical risk minimization as a linear problem
on the distribution space. Let y(z, &) = (c(z, y, 5))y€y($) € RY@I be the score vector
induced by the cost function ¢(z, -, £) on the (finite) combinatorial space Y(x). The
right-hand side of Figure 1 highlights that ~ (in orange) does not belong to the image
of Y(z)T (pink line) in general. Given a distribution ¢ € AY on Y, let us define
Ra(g;z,€) as the expected cost under g. We can recast it as

Ra(;2,€) = Byny[el@,3,)] = (1@, O)l0)-
Using the shortened notation ~; for y(z;,&;), we can rewrite the empirical risk as

1
Ni

hE

Ry (my) = Eyrrmy(lz:) [C(fﬂny,fi)}

I
—

Si

—N—
RA (Vv (Y (@) puw(@i) ), wi, &)

L QED)

I
2=
M-

=1

We rewrite the risk Ra, n as a function of the score sg on the following product space

Se = {se = (si)ien | Vi € [N],s; € RV} (13a)

Ag ={go = (@i)iev | Vi € [N], q; € AV}, (13b)
1 N

Ran(s0) = > RA(VQye, (si);2i &) where s € Sp. (13c)
i=1

10



The expression of Ry (m,) above enables to rewrite the empirical risk minimization
problem (4) as

min Ry(r,) = min Ray ((Y(mi)Tgpw(xi))ie[N]) (14)

2.2 Surrogate problem and alternating minimization algorithm

We recall that the Fenchel-Young loss generated by Qaye) is defined over
RIP@ 5 AY®)  and written as Lo (5:9) = Qave (@) + @iy (8) = (slg). Let £ >0
be a positive constant, we introduce the surrogate functions

Sa, (s,q32,8) = (v(z,8)lq) + H‘CQA@)(S; q), (&= (C(xvy;g))yey(Iy (15a)

N
1
San . N(58:98) = i > Saulsigiiri &), se = (si)ie)s @0 = (@i)iepv-  (15b)
=1

Notice that if Sq, (-, -; =, £) defined in Equation (15a) takes as inputs s € RY@ and its
dual variable ¢ = V7., (s), by Fenchel duality, the Fenchel-Young loss reaches zero,
and we recover the expected cost. In general, we have the Fenchel-Young inequality.

SQA (Sa VQ*AJ/(JC) (3)7 Z, f) = RA (VQ*A)/(m) (S)a xz, §)7 (163‘)
San(s,q2,6) = Ralq;2,€) + K Loy, (s9) .- (16b)
>0

This is why we use the term surrogate functions for Equation (15). Our surrogate
learning problem can then be written as

min SQA,N((Y(xi)Tcpw(xi))ie[N],q@,) . (17)

weWw,

1 €A
=% Zil Sapn (Y(Iz‘)T@w(:ri)’ql';xi,&)

In order to derive solutions to Equation (17), we rely on the following primal-dual
alternating minimization scheme, initialized by some weights values w(®)

gI*Y = argmin SQA,N((Y(xi)—r@ﬂ;(ﬂ(-ri))ie[l\[]aQ®)’ (decomposition),  (18a)
99 €A

oY e argr%nSQA,N((Y(:Ci)TSDw(xi))ie[N],qg+1))a (coordination).  (18b)
we

The primal update in Equation (18a) is also named decomposition step, since the
minimization can be done per term ¢ and variable ¢; as we highlight below. The dual
update in Equation (18b) is named coordination, because this time a single vector
of weights is used, coupling the N terms of the sum in Sq, v, and coordinating the
primal updates. As we discuss below, it corresponds to a simple supervised learning
problem with a Fenchel-Young loss.

11



2.3 Tractable updates for the surrogate problem

We come back to the primal-dual algorithm given in Equation (18), and exploit the
structure of the surrogate function Sq, v to study the tractability of each step.
Proposition 1. Using the notations of Section 2.2, Equations (18a)-(18b) can be recast

as
¢V = argmin Sq, (Y(2:) "paw (23), a5 24, &), (19a)
qieAy(Ii)
N 1
= VQAy(l'i,) (Y(ﬁri)TSDuj(t) (1'1) - E’yl)ﬂ (]'gb)
LN
@D € argmin = 3 " Lo, , (9ul(@); Y (z)g"), (19¢)
weWw i—1 ‘

where Lq,,, is the Fenchel-Young loss on the moment polytope C(x) = conv(Y(z))
generated by

Qe (p) = min {Qave (@) [YV(2)g =} (20)

The dual update in Equation (19¢) corresponds to a supervised learning problem
with a Fenchel-Young loss, using as learning dataset (:ri,Y(xi)thH))i V]
each target point Y(xi)qgtﬂ) belongs to the corresponding convex compact set C(x;).
This update can thus be computed in the tractable dimension of the moment
polytope. Nonetheless, the way we can evaluate the regularization function in small
dimension Q¢ () is still unclear. Besides, the primal update written as Equation (19b)
requires working with distributions. Ideally, we would like to do all the computations
in the space Y(x) of small-dimension. We highlight below how we can do so for the

negentropy and the sparse perturbation.

, where

The case of negentropy.

The negentropy introduced in Example 1. leads to the exponential family

Proposition 2.

1
pitt =Bl eam - =) (21a)
N
B = argmin Y Ac(pu (1)) — (g (@)l (21b)
w i=1

While the expectation is in general not tractable, it can be computed for instance
using a MCMC approach. To avoid having to design such MCMC, in our numerical
experiments, we rely on the sparse perturbation regularization.

12



The case of sparse perturbation.

The sparse perturbation is introduced in Example 2, and further detailed in Section 3.3.
We show how we can leverage its structure to derive tractable updates in the small
dimension of the polytope C(x).

Proposition 3. Lete > 0 be a positive constant. In the case the regqularization
Junctions Q¢ )y and Qave) are defined as the Fenchel conjugates of the perturbed
mazima Qe (z) = F o,y and Qave) = F] 5, introduced in Equations (35)-(36), the
primal-dual updates in Equations (19b)-(19¢) become

P = By [ argmin e(zi, yi, &) — (9o (2:) + €Z) 4], (22a)
yi €V(x;)
1 N
_ . 1
D € argmin — 3 FLc(ay) (9w (@) — (pu(@)|u™), (22b)
w N

i=1
(t+1)
i

correspond to ugt'H) = Y(mi)thH), and can be seen as expectations under the

distributions ql(t—H). They belong to the convex compact sets C(x;).

As mentioned above, the dual update in Equation (22b) corresponds to a supervised
EtJrl))ie[N]
solved using stochastic gradient descent, with Monte-Carlo estimates and sampling
Z. The details are derived by Berthet et al. [4]. The primal update in Equation (22a)
has now a convenient expression. Indeed, we recall that in Section 1, we assume
that we have access to an efficient algorithm to solve Equation (3). We can therefore
leverage the latter to derive Monte-Carlo estimates of the u;, again by sampling the
random variable Z. Instead of the distribution variables g;, our primal-dual algorithm
in Equation (22) now only relies on the moment variables p;. Although these variables
belong to the convex hulls of the combinatorial sets C(z;) = conv()(x;)), the updates
in Equation (22) only require to call the cost function ¢ at points that belong to the
combinatorial sets Y(z;). This is particularly useful when this cost function cannot be
directly applied to points in the convex hulls, which happens quite often in operations
research.

where, given the primal update in Equation (19b), the moment primal variables

learning problem on a dataset made of (mi, 1 . In practice, it is approximately

2.4 Convergence to surrogate problem optimum

In this section, we place ourselves in the setting of (non-contextual) stochastic
optimization. Therefore, we can drop z from the notations for the sets Y, C, AY, RY,
and regularization functions QA and ¢. We focus on a special case of our primal-dual
algorithm where the dual update minimizes directly on the score vector, instead of
the weights w of a machine learning predictor Y " ¢,,. Then, we will show that the
following special case of Algorithm (18)

qgﬂ) = argmin S, N (Eg), q®) , (decomposition), (23a)

10€Ag
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§g+1) € argmin SQA,N (5®7 Qé;+1))a (COOI‘dination)7 (23b)
S® E§®

converges with a linear rate toward the global minimum of Sq, ~, provided some
regularity assumption on the regularizer Qa. Detailed proofs of the results presented
in this section are postponed to Section 4.

Before presenting the main result, let us introduce the partial minimizer of the
surrogate function Sq, n introduced in Equation (15b) as

SQAyN(q(g) = min SQA1N(8®7 q®)7 (24)
s@€Sy

where Sg = {(si)ie;n) € (RY)Y | s1 = ... = sy }. This function is a key object to our
convergence analysis. Surprisingly, it relates to the Jensen gap of the QA according to
Lemma 15.

Lemma 4. Let qg = (¢i)ic(n] € Aw, the function SQA’N defined above is equal to

_ 1 N K N 1 N
Saan(ae) = N Z<%|qz‘> + N [ZQA(%‘) - NQA(N ZQi):|~

We refer to this function as the Jensen gap of Q.

Convergence of the algorithm

We establish convergence rates for (23) in the following theorem.

Theorem 5. Suppose that the Jensen gap of QA is a convex function. Then, the
iterates of (23) converge in value toward the global minimum of the surrogate problem
San,n over (RY, Ag) with a rate O(L).

This result relies on the convexity of the Jensen gap of the regularizer A, which
is far from straightforward. In Appendix C we settle the issue for a class of separable
regularizers encompassing the ¢, norm and negentropy, proving the converge of
Algorithm (23) in these cases. The convexity of the Jensen gap when regularizing via
random perturbation remains an open question.

In the general case of Algorithm (18), the coordination step is parametrized by a
machine learning predictor Y ", with weights w. The convergence is, in this case,
related to the convexity of a “cross”Jensen gap function

N 1 N
go Y Qala) —NQC(YNZ%‘) (25)
j=1

i=1
that involves regularizers in both the moment and distribution spaces. The study
of the cross Jensen gap (25) is left for future research.

Relationship to mirror descent

From a geometrical standpoint, our primal-dual algorithm can be interpreted as a
mirror descent algorithm applied to a specific function. We show in Appendix B
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that, when adding a damping step on the dual update, the primal updates qg of
Algorithm (41) coincide with the ones of mirror descent applied to Sa A,N- This result
provides an alternative proof of convergence, albeit with stronger assumptions. In
particular, it relies on the gradients of Sq A,N being Lipschitz-continuous, which is, at
first sight, conflicting with the hypothesizes we make on the regularizer Q.

2.5 Empirical risk of the surrogate optimum

We have shown in the previous section that, under some regularity assumptions, the
primal dual algorithm converges toward the minimum of the surrogate problem (18).
The natural question that comes next concerns the quality of the returned solution
for the original problem (4), and thus the pertinence of the surrogate itself. In this
section, we exhibit a performance guarantee on the solution returned by the primal-dual
algorithm for the empirical risk minimization problem.

We place ourselves in the setting of (non-contextual) stochastic optimization, we
can then drop the context from the sets and functions notations. First, let us introduce
the other partial minimizer of the surrogate risk as

Saan(0) = min So, n((Y0)icn],a2), (26)

1p€Ag

where # € R? is a vector in small dimension, and (YTH)Z-G[N} is a collection of N
identical vectors, all equal to YT € RY, in large dimension. We derive the following
bounds.

Theorem 6. Let§ € R? be a vector, and Ry (0) := Ra n ((Y 7 0)ie(n)) be the empirical
risk in the stochastic optimization setting. Provided that Qa is L-strongly convex, which
means VL s %-Lipschitz—continuous with respect to || - ||, the absolute difference
between the empirical risk and surrogate is bounded as

N
3 2
Sasx(0) = R(0)] < 52— > Il (27)

1=

From this inequality, we deduce a bound on the non-optimality of the solution to the
surrogate problem. Let 0s € argming Sq, n(0) and O € argming Ry (0), provided that

QA is L-strongly convex, which means VQ, is L _Lipschitz-continuous with respect to

L
-1l

N
3
_ < 7 112,
Riv(8s) = Ravlte) < 7,25 3 Il (28)

The proof of Theorem 6 is postponed to Appendix D. The main assumption of

Theorem 6 is the strong convexity of 2. This assumption holds, for instance, when
regularizing with the /5-norm or the negentropy.
Remark 1. The recent work of Aubin-Frankowski et al. [23] studies the extension of
generalization bounds to the structured learning paradigm. Our paper falls under the
scope of their study and, under mild assumptions, the application of [23, Theorem 3]
allows us to bound the (true) risk of the surrogate optimum.
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3 Regularization and sparse perturbation on the
distribution space

To study the convergence and tractability of our algorithm, we rely on a regularization
on the distribution space AY. The theory of Fenchel-Young losses has been introduced
by the structured learning community [3]. Most applications in this literature are
based on linear optimization layers on the polytope C = conv(}). Ranking or top-k
applications fall, for instance, within this scope. If some theory covers the case of
non-full dimensional C [3], some important approaches for us have been studied only
in the linear and full dimensional case [4]. In operations research, a broader class of
problems may be considered as layers. The objective function may be non-linear, and
the combinatorial space Y may not be easily reduced to a (continuous) polytope.

Our main contribution in this direction is the introduction of regularization based
on a sparse perturbation on that space. An essential and technical contribution for
our approach is to make links between the moment C and the distribution AY spaces.
In more technical terms, one must consider the case when regularization functions are
defined on non-full-dimensional spaces. The reader can thus safely skip Section 3.1 in a
first read. Proposition 9 makes a link between the moment and distribution polytopes.
Section 3.3 contains our main results on sparse perturbation.

Let Q € T'o(R9) be a proper Ls.c. convex function mapping R? to (—o0, +oc]. In
this section, we consider the regularized prediction problem defined as

Jo(0) € argmax (0|u) — Q(u), (29)
pedom()

and introduce some new geometric results related to it, which are useful for the study
of our algorithm.

3.1 Regularized prediction on non-full-dimensional spaces

To the best of our knowledge, most of the theory of Fenchel-Young losses has been made
either introducing a regularization function Q where dom(Q2) = C is full-dimensional,
and Q is Legendre-type, or using a decomposition 2 := W+1., where ¥ is Legendre-type.
In many applications in operations research, we consider polytopes C that are not
full dimensional (take the simplex as a case in point). When defining Q directly
on the polytope (using a perturbation as in Berthet et al. [4] for instance), the
decomposition 2 := W + [ is not given. Therefore, when the polytope is not full
dimensional, we do not have access to a Legendre-type function. Instead, we have at
our disposal a C-regularizer (see Appendix A for the precise definition). The following
proposition extend classic results of Legendre-type function to function with non-full
dimensional domain C whose restriction to the affine hull of C is Legendre-type.
Proposition 7. Let C C R be a non-empty convex compact set. We consider a proper
Ls.c. convex regularization function Q) € T'o(R?) with domain dom() = C. We assume
that the restriction of Q to H = aff(C), denoted as |, is Legendre-type (with respect
to the metric of H, and not the one of R?).
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We denote by V the direction of H in R%, and we have the orthogonal sum
R? =V @ VL. We introduce 1y, the linear orthogonal projection onto V in R%. We
have the following results:

1. The Fenchel conjugate of 2, has full domain, i.e., dom(Q*) = R?. Therefore, Q
is a C-reqularizer. Further, the function Q* is differentiable over R%, and we have
the property:

VO (0Q(y)) =y, Vy € relint(C). (30)

2. Let € R, decomposed as 0 = 0y + 0y1, where Oy = Iy (0) and Oy =60 — Oy,
and yo € C be any point in C. The Fenchel conjugate of 2, denoted as Q*, has an
affine component over V=+:

Q°(0) = Q(0v) + (Oy+[yo)- (31)
3. Let y € H, the subdifferential of Q) at y is given by:
0Q(y) = o Qu)(y) +V+, (32)

where we have omitted the canonical injection from H to R for notational
simplicity. In particular, for y € relint(dom(f2)), we have:

oUy) = {VUu(y)}+ V= (33)

We illustrate Proposition 7 in Figure 2, in the case d = 3, H is an affine hyperplane,
and V1 a straight line. Arrows represent the links between primal and dual variables,
involving the subdifferential of 2 and the gradient of £2*. The proof relies on classic
convex duality results and provided in Appendix E for completeness.

Vo 00(y)

0 € 0(y)

/

Fig. 2: Primal-dual maps for non-full-dimensional dofﬂ(ﬂ).

We now show that any € satisfying the assumption of Proposition 7, can be written
as {2 = U + I for some Legendre-type function W.
Proposition 8. Let C C R? be a convex compact set, and  be a proper ls.c.
convex regularization function inTo(R®), with domain dom(Q) = C. We assume
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that the restriction of Q to H = aff(C) is Legendre-type (with respect to the metric
of H). Then, there exists a Legendre-type function ¥, with C C cl (int(dom(‘ll))),
int(dom(¥)) NC # 0, and such that

Q=V+1Ie, and dom(¥*) =R

Besides, letV be the direction of H inR?, we have the direct sumR? =V @ V+. Given
a vector § € R, there exists a vector z € V+ such that

VU (VQ*(0)) = 0+ 2.

This result can be seen as the converse, in a restricted setting (with more
assumptions on 2), of a proposition by Juditsky et al. [24, Proposition 2.11], where
given a C-compatible mirror map (see Appendix A) ¥, a C-regularizer Q is defined as
Q =V 4 I¢. Indeed, we know with Proposition 7 that 2 defined in the preamble of
Proposition 8 is (in particular) a C-regularizer. We use Proposition 8 in Appendix B to
study some links between our primal-dual algorithms and mirror descent. The proof is
provided in Appendix E.

3.2 Regularizing in the distribution space

Until now in this section, the Fenchel-Young loss has only been introduced in the
context of the regularization (see Equation (29)) of a linear optimization problem
max,cc(0|un). However, to deal with arbitrary minimization problems

min ¢
min (¥),

on a finite but combinatorial set ), it is convenient to consider regularization
on distributions. The proposition below explores regularization on the distribution
polytope. We recall that notations are introduced at the end of Section 1.
Proposition 9. Let Qay € T'g(RY) be a proper Ls.c. conver function with domain
AY. We drop the Y in the notation Qa when Y is clear from context. We assume that
the restriction of Qa to Ha, denoted as Qa m, is Legendre-type (with respect to the
metric of Ha, and not the one of RY). For u € C, we define

Qc(p) :==min{Qa(q): Yq = p}. (34)

Let 8 € R? and q € AY, we have the following properties:
1. (sola) = (Y "0lg) =0T Yq=(0]Yq) = 07 py.
2. Q5(0) = Qi (Y'70), therefore Qf has domain dom(Q}) = RY, it is differentiable
over its domain and affine over V=*.
3. Qalq) > Qe(pq) and Lo, (se5q) > Lag (05 1), both with equality if and only if

g= argmin  Qa(q).
¢EAY: Yq'=p,
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4. Héi/n Lo, (ser;9) > H})i,n Loc(0'51q), with equality if and only if
g= argmin  Qa(q).
qEAY: Y q' =pq
5. VoLa(s03) = VLo (8: 1) = Y (VA (s0) — q) = V&) — .
This notion of regularization on distributions, and the way it induces a regularization
on the moment space have already been introduced by Blondel et al. [3, Section 7.1],
but in the case of Qa being a generalized entropy [25].

Proof. 1. Immediate.
2. By definition,

Q% (0) = max (HTLH— max —Q(q)) = max 0 u—Q(q) = maxs) ¢—Q(q) = QUi (s0).
Iz q: Yq=p Hyq: u:Yq\T/ q
S04

Applying Proposition 7.1 to Qa, we get that dom(Q2a) = RY, and it is
differentiable over RY. Composing with a linear map gives the domain and
differentiability results. Applying Proposition 7.2 to Q% with V& = span(1), we

have 0, affine over span(1). Besides,

sgp€span(l) <= JaeR Wy eV, Bly) =a — eVt

@

An immediate consequence of the definition of )¢ and the previous points.
4. Tt follows from properties 1 and 2 that the two minimization problems are
equivalent up to a constant.
5. Consequence of the equality of the losses up to a constant that does not depend
on 6.
O

3.3 Structured perturbation

We use the notations defined in Section 1 for both the variable and distribution spaces.
Explicitly defining a proper ls.c. convex regularization function Q € T'o(R?) with
domain dom(2) = C, and computing the regularized predictions () defined in
Equation (29) can be challenging. It may rely on Frank-Wolfe [26] algorithm in practice.
We follow another approach pioneered by Berthet et al. [4], defining instead € and
2 directly. More precisely, let ¢ € R4, we introduce:

Fec(6) = Elmax(0 +¢Z) " y] = E[max(6 +2) "y], (35)
Fe.a(s) = Elmax s(y) +€Z"y] = E{max (s + Y7 2) q], (36)

where Z is a centred random variable on R? from an exponential family with positive
density, typically a standard multivariate normal distribution. The perturbed linear
program in Equation (35) is introduced by Berthet et al. [4], while Equation (36) is
new to the best of our knowledge. We denote by Q. ¢ and Q. A their respective Fenchel
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conjugates. We extend from the work of Berthet et al. [4, Proposition 2.2] the following
properties for F ¢ to the case when C is not full-dimensional.
Proposition 10. Let ¢ € Ry, the function F. c defined above has the following
properties:
1. The domain of Fy ¢ is R?, and F. ¢ is a proper Ls.c. convex function in To(RY).
2. F.c is strictly convex over V, and affine over VL. Let § € RY, such that
0 =0y + 0y 1, where Oy =11y (0) and Oy = 60 — Oy, and yo € C be any point in
C7
Fec(0) = (yolOv 1) + Fec(Ov).

3. F, ¢ is twice differentiable, with gradient given by:

VoF. c(0) = Elargmax(d + £Z) " y]. (37)
yeC

4. The Fenchel conjugate Q. c := F7; has domain C, and its restriction to H is a
Legendre-type function.

Contrary to the full dimension case considered by Berthet et al. [4], F. ¢ is not
strictly convex over the whole space R?. Therefore, it is not a Legendre-type function,
but its restriction to V' is. Besides, its conjugate is not Legendre-type, but the restriction
of its conjugate to the affine subspace H is.

Proof. Let e € Ry,

1. Let (0, Z) € (R%)?, since C is compact, the maximum in the definition (35) of F. ¢
is well-defined. The expectation with respect to the Gaussian distribution remains
finite, and thus dom(F. ¢) = R%. Let Z € RY, the function 6 — max,ecc(0+c2) "y
is convex since it is the maximum of affine functions in §. Since the distribution
of Z is non-negative and the expectation linear, F; ¢ is convex. It is proper since
dom(F.¢) =R and C is not degenerate. We show in point 3 that F. ¢ is twice
differentiable, it is therefore lower-semicontinuous and F; ¢ is a proper l.s.c. convex
function in [o(RY).

2. The strict convexity of F; ¢ over V stems directly from the proof of Proposition
2.2 in the appendix of the study by Berthet et al. [4]. Let now 6 = 0y + 6,1 be
any vector in R%, and yq be any vector in C,

F.c(0) = E[meag(ﬁv + 0y +eZ) Ty =E[0) . yo + meaé((ﬂv +¢Z)Ty),
Yy Yy
=0y 90+ F-c(0y).

Therefore F; ¢ is affine over VL.

3. As highlighted by Berthet et al. [4, Proposition 3.1], we can apply the technique
of Abernethy et al. [27, Lemma 1.5] using the smoothness of the distribution of
the noise variable Z to show the smoothness of F; ¢. It involves a simple change
of variable u = 0 4+ €Z. The expression of the gradient comes from Danskin’s
lemma and swap of integration and differentiation.
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4. We first show that the domain of F is C. Let y € R?, by definition

Fre(y) = sup {0y — Emax(0 +¢Z) " y/]}.
0cRd y'ec

e If y € RNC, we can apply the hyperplane separation theorem given
by Rockafellar [19, Corollary 11.4.2] to {y} and C which are both closed,
convex and bounded. There exists a vector § € R?, and a positive real number
n € Ry such that,

Oly—y')=n, Wy ecC
Let now Z € R? be any realization of our random vector, and A € Ry a
positive scalar,

N +eZly—y'y >+ (eZly—y'), Wy ecC,
>M—eZly -y, Wy ecC,
> —|leZl|lly—'ll, Wy eC.

For the last line we apply Cauchy-Schwarz inequality. Since C is compact in
R?, we can consider De , = sup,cc ||y — ¢'l] < +o0.

(N +<eZly —y') = My~ [[eZ]|Dey, Yy €C.
Considering the minimum of the left-hand side with respect to y’ € C,

(N0 + e Zy) — max(A0 +Z]y) = Ay — ||eZ]| De,y.
Y

Now, we recall that Z is centered with distribution v (typically a
multivariate standard normal distribution) with finite variance, therefore

N, :=Ez[||Z]]] < +o0, and E[||eZ]]] = |e|N, < +oo.
Taking the expectation with respect to v of the inequality above,
(Aly) — Elmax(X0 +Z|y)] = An — [¢| N, De,y-
Y
Therefore, since F.(y) > (M|y) — E[max, cc(N\ + €Z|y')] and |¢|N, De,,

is finite and does not depend on A, considering the limit A\ — +oo gives us

e If y € C, since Z is centered,

Yely) = sup {0y — Emax(6 + <Z) "]},
’ 0eRrd y'ec
sup {E[(0 4 €Z) " y] — Emax(0 + £Z) " /]},
PcRd y'eC
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= sup {E[(# +€Z) "y — max( + €Z) "y/]} < +o0.
9cR? y'ec

<0 since yeC

Therefore, we have shown that dom(F ) = C. The point 2. shows that (Fc)v is
strictly convex over V. Using the computations of point 3., we show that (F. )y is
differentiable over V. It is thus a Legendre-type function with dom ((FE,C)|V) =V.
Indeed, point 3 of the essentially smooth definition holds vacuously. To show
that (F ;) m is Legendre-type, we use the fact that it is the conjugate (up to a
translation) of (Fz ¢))yv in V. Then, Theorem ?? shows that (Fs*,c)\H with domain
C is a Legendre-type function (with respect to the metric of H).

This concludes the proof. O

The perturbation in the definition of F. A spans Im(Y "), which is a subspace of
dimension d’ < |Y|. The proofs of Berthet et al. [4], therefore, do not stand any more.
However, perhaps surprisingly, many properties remain valid.

Theorem 11. Let ¢ € Ry, the function F. o defined above has the following
properties:
1. The domain of F; A is RY, it is Lipschitz continuous, and it is a proper l.s.c.
convex function in To(RY).
2. F; A is strictly convex over Va, and affine over VAl = span(1). More precisely, let
s € RY, decomposed as s = sy, + sye, where sy, =1Ily, (s) and Syl =8 —5va,

and qo € AY be any point in AY,
Fua(s) = (sv2lao) + Foa(sv,).
3. F; A is differentiable overRY | with gradient given by:

V.F. A(s) = Elargmax(s +eY ' Z)q]. (38)
qeEAY

4. The Fenchel conjugate Qe A := F;A has domain AY, and its restriction to Ha is
Legendre-type.

In the definition of F; A, the noise Y TZ follows a degenerate multivariate Gaussian
distribution. Therefore, the change of variable in the paper by Abernethy et al. [27]
cannot be applied to show smoothness. Besides, the proof of strict convexity by Berthet
et al. [4] does not hold either. We use alternative approaches in the proof.

Proof. 1. The domain of Fa, as well as the fact that it is proper and convex, are
proved in the same way as in Proposition 10 point 1. We now show the Lipschitz
continuity, and the lower-semicontinuity follows.

Let (s1,52) € RY,

T T
Fa(s1) — Fa(s2) = EZ[522>§<51 +¢eY 'Zlq) — ;22))(]@2 +¢eY ' Z|q)],
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<Egz [;2%(81 — s2lq)] = ;2%(81 — s2lq),

< - =|Is1 — s|l.
< max [ls1 = salllall = [ls1 = 52|

We use, in turn, the fact that the maximum of a sum is smaller or equal to the
sum of maxima, the non-negativity of the density of Z, Cauchy-Schwarz inequality,
and the definition of the simplex AY. By symmetry, we have shown that Fx is
1-Lipschitz continuous.
. The proof relies on the following technical lemma provided in Appendix E.
Lemma 12. Let Y C R? be a finite set. We make the assumption that no element
of YV is a strict conver combination of other elements of Y. In other words, Y
is the set of vertices of the polytope C = conv()). Let AY be the probability
simplex whose vertices are indexed by Y, and Ha its affine hull Hx = aff(AY).
We denote by Va the vector subspace of RY which is the direction of Ha, and we
have the orthogonal sum RY = Va @ span(1). For any vector s € RY, we denote
by s(y) € R the component of s indexed by y € Y. We also consider e € Ry
a positive real number, and Z, a random wvariable with standard multivariate
Gaussian distribution over RY.

Then, for two vectors (s1,s2) € (Va)?, s1 # s2,

Pz <argmax fily; Z) N argmax fo(y; Z) = @) > 0.
yey yey

Where f1 and fo are defined as:

A 2) =siy) +eZTy, f2(y: Z) = s2(y) + 2Ty
Let ¢t € (0,1), the lemma above leads to

Pz [I;lg;c (tfl (y;Z) + (1 = 1) fa(y; Z)) <Imax tfi(y; Z),

1-—t 3 Z)| > 0.
+I;1€a§§( ) f2(y; Z)

Since with point 1. Fa is convex, this strict inequality and the fact that the
distribution of Z is non-negative leads to the strict convexity of Fa over Va. Last,
using the decomposition RY = Va + span(1), we get the affine property over
VAJ- = span(1) with the same arguments as for Proposition 10 Point 2.

. Since we are in the setting given in the preamble of Lemma 12, for s € RY, the
argmax in the definition of F, A is reduced to a singleton almost surely:

Py H argenijax{s(y) + SZTy}| > 1] =0. (39)

Indeed, because the standard multivariate Gaussian distribution has R¢ as
support, proving Equation (39) reduces to prove that for any pair of distinct
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vectors (y,y') € V2, y # v/,
Pgls(y)+eZ"y =s(y') +<Z'y'] =0,

which is true, otherwise (:|y — %) is constant on a ball of radiusr > 0 in RY,
leading to the contradiction y = y’. Remark that the uniqueness of the argmax
in Y implies the uniqueness of the corresponding argmax in the distribution
space AY. Now, using Equation (39), Danskin’s lemma [28, Proposition A.3.2],
and swapping integration with respect to the density of Z and differentiation with
respect to s, we get:

V.E[max (s +cY ' Z)"q] = Elargmax(s + Y "Z) " ¢q].
qeAY geAY

4. The domain property is proved in the same way as for Proposition 10 point 4, the
rest also yields similarly.
O

Eventually, we show that €2 ¢ is the structured regularization corresponding to
N
Proposition 13. Q. c(x) = ming: yq—, Q- a(q), and hence all the properties of
Proposition 9 are true in the sparse perturbation case.

Proof. By definition, F. ¢(0) = F- A(Y "0). Besides, since Q. ¢ and . o are proper
convex lower-semicontinuous, they are bi-conjugate by Fenchel-Moreau theorem.
Applying the computations of Bauschke and Combettes [29, Corollary 15.28] with
g=F.anand L: 2~ Y "z leads to the result. O

4 Convergence of the alternating minimization
scheme

In this section, we place ourselves in the setting of (non-contextual) stochastic
optimization. Therefore, we can drop z from the notations for the sets), C, AY,
RY, and regularization functions Qx and Qc. We focus on a special case of our
primal-dual algorithm where the dual update minimizes directly on the score vector,
instead of the weights w of a machine learning predictor Y " ¢,,. Then, we will show
that Algorithm (23), where the dual update minimizes directly on the score vector,
converges with a linear rate toward the global minimum of Sq, n, provided that
the Jensen gap of the regularizer QQa is a convex function. While this result does
not imply the convergence of the original algorithm, it provides useful insights on its
behavior with respect of the parametrization of the dual vector. The convergence of
the algorithm we use in practice would indeed be a very challenging task, as we use
various approximation (e.g., Monte-Carlo sampling, see Section 2.3). Furthermore,
we typically parametrize the exploration of the space of score via a neural network,
whose lack of convenient mathematical properties hinders the development of a generic
convergence proof. Let us first recall the five-point property and convergence result
of Léger and Aubin-Frankowski [14].
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Five-point property [14, Definition 2.1]
Let ¢ : Y x Z — R? be a two-variable function bounded from below on X x Y. We
say that ¢ follows the five-point property if for all y € Y, 2z, z9 € Z we have

¢(ya Zl) + (ZS(yOa ZO) < ¢(y7 Z) + ¢(ya ZO)7 (40)

where yo = argmin, ¢y ¢(y, 20) and 21 = argmin, ¢ ¢(yo, 2)-
Theorem 14. [14, Theorem 2.3] Suppose that ¢ satisfies the five-point property (40)
and consider the alternating minimization algorithm. Suppose that ¢ satisfies the five
points property, and the minimizers exist and are uniquely attained at each step of
the algorithm, then the following statements hold:

1. Vn > 0, ¢(yn+1a Zn+1) < ¢(yn7 Zn+1) < ¢(yn7 Z")

2. ForanyyeY, z€ Z and anyn > 1,

(Y, 20) — ¢(y0720).

n

(Z)(y'm Zn) < ¢(y’ Z) +

In particular, ¢(yn, 2n) — Milyey ez O(y, 2) = O(%)

First, note that all the results of Léger and Aubin-Frankowski [14] rely on the
minimum being uniquely attained at each iteration of the alternating minimization
scheme. While the minima always exist in our case, the unicity is not guaranteed for
the dual update (23b). As it was already noted by the authors, their results remain
valid in this case, as their proofs only consider the sequence of values of the function
evaluated at the successive iterates, which is uniquely defined, and not the value of
the iterates themselves.

Before stating the main result of this section, let us first introduce some definitions
and lemmas. The partial minimization of our surrogate function Sq, n introduced in
Equation (15b) is defined as

Soa.n(ge) == min So, n(se,qs), (41)
s@€ESy

where Sg = {(s:)icin) € RY)V [s1=... = sy} )
Lemma 15. Let qu = (¢i)ic|n] € Aw, the function Sa, n defined above is equal to

N N N
1
SQA7 Z: 'Yz“h [;QA(%)_NQA(N—;%)}
Besides, SQAJ\[ coincides over Ag with
N N

Su,n(ge) = %ZWJQJ + % {Z Ua(g) = NUA(— Z% } (42)

,_.
.
I

—
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Note that it is convez if the function qg — + Zf\il Ua(g)—Yals vazl Qi) is conve.
This latter corresponds to the Jensen gap of Va. We postpone the convezity study to
Appendiz C.

Proof. Let qg € Ag, and Sg = {(s;)icin) € (RY)V |51 = ... = sy},
SQA7N(Q®) = min SQAJV(S(XH Q®)a (438‘)
s@ESy
N

= Inip ;<7i|(h’> + £ (Qa(@) + Qa(s) — (slai)), (43Db)

1 K 1
= D (il + 1| Yo Qala) - NG Yoa)|. (430)

i=1 i=1 =1

In the computations above, we use the definition (15) of the function S, n, and the
fact that QA is the Fenchel conjugate of 2y to derive the last line. O

Main result

This allows us to introduce the main theorem of this section.

Theorem 16. Suppose that the Jensen gap of VA is a convex function, with Qa =
VA +1Ia. Then, the iterates of (23) converge in value toward the global minimum of
the surrogate problem Sq, n over (RY, Ag) with a rate O(3).

Proof. The proof consists in two steps. First, we express the five-point property with
the notations of the problem, and obtain an equivalent form expressed with the
marginal minimizer So A,N instead of the original function Sq, n. Then, we show that
this equivalent form holds as a consequence of the convexity of the Jensen gap of Ua,
which is sufficient to prove the convergence using Theorem 14.

Let s € Sg, where Sg = {(5;)ie(n] € (RY)N |s1 = ... = sn}. First, let us write
the five-point property (40) with the notations of the problem, that should hold for all
s € Ag, and sg € Sg),

Soa N (58,08) + Saxn(52:05) < Saan(Se,08) + Saxn (52 4s).

with q%@ = argming_ ca SQAJ\/'(S%, dp) and ség € argming_cg_ Sa, N (5w, qé). Note
that the index numbering is different then in Equation (40) to adapt to our case, but
the two expressions are strictly equivalent.

We observe that sg appears in a single term of the equation that should hold for
all sg € Sg. Hence, we take the minimum in sg and obtain the equivalent form

SQAJV(Q‘@) + SQA,N (5%7 Q®) > SQA,N (S}ev Q®) + SQA,N (S%, qé@)

We move the term So. n(s%,qz) to the right-hand side, and we substract
Sann(ag) = Sas N (sh, qb) from both sides to obtain
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SQAyN(q®)_‘§QA7N(qé)) > SQA,N (3(1g)> Q®)+SQA,N (S%a Q<1g>> _SQA,N (S(lgw Q(lg) _SQA;N (S%’ Q®) .

On the right-hand side, we observe that the function S, n is evaluated in four
different points, twice in positive and twice in negative. Each of the element s%, sé, q(lg,
and gy appear exactly twice in the evaluations, once in positive and once in negative.
Hence, the terms that only depend on one of the variables will cancel themselves, and
the sum will only consist of the terms that depend on both variables. The five-point
property then becomes

N
Z (silas) — (s¥1ad) + (silal) + (sPlai)),  (44)

=1

((splae) + (salae) — (splae) — (splag))- (45)

Saan(9e) = Saan(ag) =

Z\R 2\3

Saan(e) — Saan(ag) =

We will now show that the modified five-point property (45) holds in our case.
According to Lemma 15, So A,N coincides with Sy A, N over Ag, which is convex by
hypothesis. Hence, for all (¢g,¢) € relint(Ag)? we have

Soan(Ge) = Saxn(ag) + (VSusn(45) | 4o — dz)- (46)
We can compute the gradient as follows

N
VSulab) = | 5 (3 +r(Va () = VOa(5 Y a))) ()

i=1 i€[N]

Since ¢} = V4 (5° — 14;) according to Proposition 1, we know using Proposition 8
that there exists a vector z; € V+ such that

1
V\I/A(qll) = SO — E% + Zi.

Similarly, we can compute

1 : 1
5 = argmin So, N (5g; 4 )

SR€ESy
| N
= argmin — Z<% |4;) + rLax (5,4},
s9€5g i=1
N
_argmln—ZQA si) — (silqp),
s@€5¢ i=1
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N
s 1
= argmeA(s)—<s|NZq}> ,

seRY 1
J i€[N]

N
1
= (Sl)ie[N]a where s' e 8QA(N qul)
j=1
It gives us the existence of a vector z € V+ such that
| XN
V\IIA(N qul) =s'+ 2
j=1
By replacing the terms of Equation (47) by their expression, we get

= 1 1
VS, n(ag) = (N (% + (s — ~%i+ 2= st — z))) . = (ﬁ(so — sl 4z — z))
i€[N

We can now express Equation (46) as the following

= - K
Saan(az) > Saan(ag) + N<S% — 55 4o — %),

which is equivalent to the modified five-point property (45). We can then apply
Theorem 14, concluding the proof. O

5 Computational experiments

Ezxperiments design.

We would like to highlight the following points. First, using a simple toy problem in
Section 5.1 where every computation is straightforward, our aim is to demonstrate the
effect of the perturbation scale € (corresponding to the regularization scale k). Then,
we study the performance of the policy trained with our primal-dual algorithm in
Section 5.2. We benchmark against a policy trained via supervised learning, where the
dataset contains target solution computed with an expensive Lagrangian heuristic.

5.1 Toy problem

We design a very simple problem, where the most frequent anticipative solution is the
worst for the stochastic optimization problem.

Problem statement.

We consider a constant context z, which is equivalent to having no context. The
one-dimensional solution space is ) = {0, 1}, and the exogenous noise follows a uniform
distribution over a three-states space & ~ U ({1, &2,&3}). In this tabular setting we can
explicitly define the cost as done in Table 1.
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Scenario 1  Scenario {2  Scenario &3

Solution 0 4 -1 -2
Solution 1 0 0 0

Table 1: Tabular definition of the cost for the
toy problem.

The problem we would like to solve is the following:

i . . .
ygg(l)l,ll} 3 u(fl,&,&s)[c(y 5)] (48)

Stochastic and anticipative solutions.

It is immediate to derive both the anticipative solutions per scenario, and the solution
of the stochastic problem (48). The scenario &; gives y = 1 as optimal solution whereas
scenarios &2 and &3 lead to the solution y = 0. Given the uniform distribution, the
optimal solution of Equation (48) is y = 1. We see that the most represented solution
among the anticipative ones is not the optimal solution of our stochastic problem.

Primal-dual algorithm.

We have access to a training set denoted as Dirain = (§i)ig[nya,]- SinCe We have
no context, we directly learn a parameter 6 instead of parameterizing a statistical
model ¢,,. We implement the primal-dual algorithm in a perturbation framework. Our
hyperparameters are summarized in Table 2. We highlight that in our case, the cost
function c is linear.

Name Definition Value
Ir Learning rate for the SGD 101
nb_epochs Number of epochs for the SGD 10
nb_samples Number of perturbation samples 102
nb_iterations Number of outer iterations 20
nb_seeds Number of seeds to average over experiments 30
5 Scale of the perturbation (primal and dual updates)  varies
« Momentum coefficient for the dual update 0.5

Table 2: Hyper-parameters for the experiments on the toy problem.

We save the value of 6 through the outer iterations of the primal-dual algorithm,
and we compute its average value. This latter can then be used to derive a solution
of the stochastic problem (48). We do this for different values of the perturbation (or
regularization) scale €, and average over nb_seeds = 30 seeds. Figure 3 presents the
results, where the curves display the proportions of averaged values of 8 leading to the
optimal solution. On the left plot we show ¢ ranging from 1 to 150. On the right we
zoom at the critical range from 2 to 4.

First, we see that when the scale of perturbation ¢ is too small, typically smaller
than 2.7 in this toy problem example, we learn a 6 value that leads to the majority
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anticipative solution, which is not the optimal solution of problem (48). It is natural
because the smaller is €, the closer the primal variables are to anticipative decisions in
the first outer iteration. The dual updates then push 6 to lead to the majority decision,
and the regularization term is too small to deviate from anticipative solutions in the
primal updates.

Proportion of correct 6 with € Proportion of correct 8 with €
1.0 1.0
S S
g g
505 505
I3 I3
a a
0.0 0.0
0 50 100 150 20 25 3.0 3.5 4.0
€ €
Fig. 3: Proportion of 6 values giving the optimal solution of problem (48) when ¢
varies.

Result 1. When the scale of the perturbation e is too small, we learn 6 to imitate the
majority anticipative solutions and possibly get poor performance.

When ¢ exceeds a certain threshold, the proportion over seeds of § leading to the
optimal solution increases, and reaches 1, highlighting the crucial role of regularization.
However, too large values of € degrade the performances, as the primal update objectives
become dominated by the regularization, leading to random and uninformative solutions.
We indeed observe an asymptotic proportion of 0.5 in the left plot of Figure 3.
Result 2. When the scale of the perturbatione is too large, it dominates the cost per
scenario and the parameter 0, leading to random values of 8 and poor performance.

5.2 Two-stage minimum weight spanning tree

We now consider a richer contextual stochastic optimization problem, and compare
several policies parameterized by neural networks.

Problem statement.

Let G = (V, E) be an undirected graph, and let € € = be an exogenous noise. The goal
is to build a spanning tree on G over two stages at minimum cost, the second-stage
building costs — depending on € — being unknown when first-stage decisions are taken.
Nonetheless, we have access to some context random variable x € X’ correlated to &.
For each edge e € E and scenario ¢ € Z, we denote by c. the scenario-independent
first stage cost of building e, and by d.(£) the scenario-dependent second stage
cost. Our contextual stochastic two-stage minimum weight spanning tree problem is
Equation (49).

min [Ey Zceﬂ'(x)e—i—Eg[Q(ﬂ'(x);f)] , (49a)

H [
€ ecE
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st Y w@)e <|Y[-1, Ve X,VY,0CY CV,  (49b)
e€E(Y)
m(z). € {0, 1}, Vr e X,Vee E. (49¢)

Notice that constraints (49b)-(49¢) lead to a solution space Y(z) corresponding
to the forests on G. The objective function in this case is given by (z;y) =
> ecr CelYe + Ee[Q(y;:€)]. The second stage is encapsulated in the function Q, as
defined in Equation (50).

Q(r(2);€) ==min Y de(é)z, (50a)
ecE
st Y w(@)e+ze = V|- 1, (50b)
ecE
Z (2)e + 2. < Y| -1, VY,0CY CV, (50c)
ecE(Y)
ze € {0,1}, Ve € E. (50d)

In problem (49), we look for a policy 7 that maps a context realization z € X' to
a good first-stage forest. In this case, m(x). = 1 if and only if edge e is selected at
first stage to build our spanning tree given a context value x. Similarly, variable z in
problem (50) is such that z. = 1 if and only if edge e is selected at second stage to build
a spanning tree. We force integer decision variables with Equations (49¢) and (50d), and
constraints (50b) and (50c) make sure that we define a tree with the variable 7(x) + z.
Remark 2. In practice, we can even make the structure of the graph depend on the
variable x, but we intentionally ease notations above.

® -© O @ 09 (0)-02(9) O—0 ©

2.0 07  —05
@00 @uod OO0 O
—0.1 —0.4 0:1
®-O ®-231) 13 ® W—®
Input ML layers ¢, Edge weights 0 Maximum Solution forest y
~instance = L(GLM or GNN) Wﬁfﬁlﬁgs’t

Fig. 4: Two-stage minimum spanning neural network.

For this example, we define a neural network illustrated by Figure 4. Each edge e
of an instance (context) x is encoded by a feature vector ¢(x,e). The feature matrix is
given as input to ML layers ¢,, — a GLM or a graph neural network (GNN) — with
learnable parameters w, which predicts edge weights .. We use the predicted edge
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weights 6 as the objective of a maximum weight forest problem layer (51). A maximum
weight forest can be efficiently found using Kruskal’s algorithm.

T () := argmax Z Ow () eYe, (51a)
v eeE
st Y ye < [Y[-1, V,0CY CV, (51Db)
c€E(Y)
ye € {0,1}, Ve € E. (51c)

Learning and evaluation.

We have access to a training data set including context and noise
realizations Di,ain = (m“fi)ie[nmm} to learn the parameters w. Once the weights w
are learned, we can evaluate the resulting policy m, : & — [ o @, (z) for our
problem (49) via . To do so, we have access to test Diest = (%4,&i)icin..,] and
validation Dy, = (24, fi)ie[nml] datasets, and we can approximate the two expectations
in the objective function of Equation (49) by Monte-Carlo averages over the datasets.

Benchmarks.

We derive two benchmark policies for this problem. The first one denoted as mpedian 18
very simple, and not based on any learning process. It consists in solving a deterministic
problem (52) where, given a context realization x, we replace the unknown cost vector
of the second stage by an estimator of its median.

Tmedian (Z) := argmin min Z Cele + cie(x)ze, (52a)
Y i ecE
st Y Yetze=[V[-1, (52b)
eckE
Y o wetz<|Y-1,  W0CYCV, (52)
ecE(Y)
ye € {0,1}, Veec B, (52d)
ze € {0,1}, Vee E. (52e)

Our second benchmark policy is more sophisticated, and based on an additional
dataset which is typically not available in the context of this paper. We follow the
approach of Dalle et al. [5], Section 6.5, where for each context z; of our training
dataset we have several realizations of the endogenous noise £&. This allows us to
derive Lagrangian heuristic-based labels y* to imitate. We leverage the richer training
set DL, = (24, yf)ie[mram] to imitate the solutions of the Lagrangian heuristic, leading

to some parameter w’. We expect the resulting policy 7, to perform very well, as
the Lagrangian heuristic is known to produce very good solutions.
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Primal-dual algorithm.

We evaluate the quality of the policy learned with our primal-dual algorithm. Our
hyperparameters are defined in Table 3. The instances we consider are defined on
grid-graphs (see Figure 4) with grid_size = 20 x 20 nodes. In our training set, we have
train_size instances, each with 20 scenarios. At each (outer) iteration, we randomly
sub-sample nb_scenarios = 10 scenarios per instance. It leads to reduced computational
time, and good performance as we show below.

Name Definition Value
grid_size Size of the squared grid-graph instances 20 x 20
train_size Number of train samples 50

val_size Number of validation samples 50
test_size Number of test samples 50

Ir_init Initial learning rate for Adam optimizer (dual update) 10—°
nb_epochs Number of epochs for the SGD (dual update) 30

nb_scenarios Number of scenarios sub-sampled per instance 10

nb_samples Number of perturbation samples (primal and dual updates) 20

nb_iterations Number of outer iterations 50
5 Scale of the perturbation (primal and dual updates) 10—
«@ Momentum coefficient for the dual update 0.1

Table 3: Constants and hyperparameters for the primal-dual algorithm on
the maximum weight two-stage spanning tree problem.

We plot validation and test estimated average gaps over iterations in Figure 5.
The dotted black line corresponds to the simple policy Tmedian, Which does not evolve
over iterations. We observe a poor performance for this simple approach, with roughly
12% average validation and test gaps. The green dashed line corresponds to the
policy 7,z derived by imitating the Lagrangian heuristic. As expected it reaches very
good performance, with average gaps smaller than 2%. Then, we evaluate two different
policies learned with our primal-dual algorithm. The first one — in dotted-dashed blue
line — uses the current outer iteration weights w® to parameterize the problem (51).
We denote it by 7, . The second one — in solid red line — uses the average weights
over the past outer iterations w® = % Do<t w®) to parameterize the same problem.
We name this policy 7 in the legend of Figure 5. We observe that using the current
weights with policy 7, leads to small oscillations over outer iterations, while the
convergence of policy mg seems smoother. It can be understood based on the alternating
nature of the primal-dual algorithm. Maybe more surprisingly, the limit policy reaches
the performance of the Lagrangian heuristic-based policy m,,.. This is very interesting
in practice, because the Lagrangian heuristic is computationally heavy, and typically
can not be applied to very large instances.

Result 3. The average weights policy wg converges, and reaches the performance of
the computationally demanding Lagrangian heuristic-based benchmark.
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Fig. 5: Validation and test average gaps of policies over the iterations of our
primal-dual algorithm, for the two-stage minimum weight spanning tree.

6 Conclusion and perspectives

In this paper, we explore policies for contextual stochastic combinatorial optimization,
which are based on neural networks with combinatorial optimization (CO) layers.
The natural paradigm for training these networks is empirical risk minimization.
However, the score function estimator has a high variance, which can hinder the
efficient determination of the neural network weights.

To address this, we design a surrogate learning problem based on Fenchel-Young
losses and introduce a novel primal-dual alternating minimization scheme to solve
it. We study the structure of these primal-dual updates using convex analysis tools
and demonstrate their practical tractability. Specifically, primal updates decompose
per scenario, similar to classic stochastic programming approaches. Dual updates
correspond to a supervised learning problem with Fenchel-Young loss, which we solve
using stochastic gradient descent. In both cases, we rely on sampling and leverage
an oracle for a simpler deterministic problem, allowing us to scale to relatively large
instances.

A Regularizers, Legendre-type functions and mirror
maps

We detail here the definitions of mirror-maps and regularizers, and study their
connections with Legendre-type functions.

Mirror maps Juditsky et al. [24, Definition 2.1].

Let ¥ : RY - RU {+oc} be a function and C C R be a closed convex set. We say
that U is a C-compatible mirror map if
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1. ¥ is lower-semicontinuous and strictly convex,

2. U is differentiable on int(dom (7)),

3. the gradient of W takes all possible values, i.e., V¥ (int(dom(¥))) = R%.

4. C C cl (int(dom(¥))),

int(dom(¥)) NC # 0.

Remark 3. Let C C R? be closed convex set, and U be a Legendre-type function such
that C C cl (int(dom(¥))), int(dom(¥)) NC # 0, and dom(¥*) = R?. Then VU is a
C-compatible mirror map.

Remark 4. Sometimes ¥ is called a Bregman potential, and the term of mirror map
is used for its gradient V.

ot

Regularizers Juditsky et al. [24, Definition 2.8].

Let C C R? be a closed convex set. A function Q : R? — RU{+o0} is a C-pre-regularizer
if it is strictly convex, lower-semicontinuous, and if cl(dom(€2)) = C. If in addition
dom(Q2*) = R?, then (2 is said to be a C-regularizer.

Remark 5. The previous definition is less restrictive than the one of mirror maps. In
particular, reqularizers are not necessarily differentiable, and their domains may be
sub-dimensional.

Mirror descent can be seen as an extension of the (projected) gradient descent
algorithm, recovered by choosing U = 1| - ||3 as mirror map. In order to deal with
our combinatorial applications, it is convenient to use maps on non-full dimensional
polytopes, which requires a slightly less stringent definition than the classic mirror map.
We deal with these aspects using tools close to the notion of regularizer introduced
above, and considered recently by Juditsky et al. [24] for their unified mirror descent
algorithm. The term “unified” is employed to highlight that the resulting algorithm
covers mirror descent and its variant named dual averaging [30, 31].

B Relationship with mirror descent

In this section, we place ourselves in the setting of (non-contextual) stochastic
optimization. Therefore, we can drop x from the notations for the sets Y, C, AY, RY,
and regularization functions QA and Q¢. We are going to make a link between a special
case of our primal-dual updates in Equation (18) and mirror descent. For that purpose,
we start with some definitions and lemmas. We introduce the following regularization
function QA , that takes as input a product of distributions gg € Ag

N
Qa, () = > Qa(a). (B1)

i=1

Using Proposition 8, we define a AY-compatible mirror map W, such that
QA = VYA + Iay. Similarly, for gz € Ag in the product distribution space, we define

N

Us(ge) = Z‘I’A(Qi)~ (B2)

i=1
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The following lemma is useful to derive mirror descent below.
Lemma 17. The function Vg defined in Equation (B2) is a Ag-compatible mirror map.
Besides, its conjugate V%, defined over (RY)N is such that, for sg = (s;)ie(n) € (RY)Y,

N

Ui (se) = ) Wals).

i=1

Proof. Extending the properties of the AY-compatible mirror map Ua to a
Ag-compatible mirror map Vg comes from the fact that Uy is a sum of functions of
independent variables. In particular, for ¢g € relint(Ag), the gradient of ¥y is the
product of gradients of ¥a

V\II@J(Q@) = (VWA(C]i))iG[N]-
For the conjugate, let sg € (RY)YN. By definition we have

Vo(sg) = sup  {(selew) — Yelaw)}, (B3a)
qg €dom(¥g)

N

i o) = Walai)p- B3b
;%EdsolrlnlijA) {<S |q > A(q )} ( )

N

O

Now, the following proposition makes a link between a special case of our primal-dual
algorithm where we added a damping step, and mirror descent.
Theorem 18. Let o € (0,1) and n = N*. Then, the following special case of
algorithm (18)

qg“) = argmin Sq, N (Eg)7 (J®), (decomposition), (Bda)
1® €A

58 ¢ argmin Sa, <S®’ qgm), (coordination,), (B4b)
S® 65'@;

§g+1) _ a§g+%) +(1— a)gg)’ (damping), (B4c)

has the same primal itemtesqg) as a mirror descent algorithm applied to the

function S’\I,A’N defined in Section 2.4, using the Ag-compatible mirror map Vg and
step size n

s = Vg (), (B5a)
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¢ e argmin By, (40][VUL (Y —ng®)), where ¢ = VSu, n(ad),
g Erelint(Ag)

(B5b)

and where By is the Bregman divergence generated by V. Therefore, provided that
U is p-strongly convezr overrelint(Ag) with respect to the norm|| - ||, and that the
function S\I,AJV is convex and L-Lipschitz (has bounded gradients) with respect to the
same norm || - ||, the average primal iterates qg) in Equation (B4) converge in value to
the minimum of Sy, n over Ag, which is also the minimum of the function Sq, n by
definition.

This theorem shows that, from a geometrical point of view, the primal-dual
algorithm can be interpreted as a mirror descent applied to Sg ~,N- This result provides
an alternate proof of convergence, albeit with stronger assumptions than Theorem 5.
In particular, the Lipschitz-continuity of the gradients of Sy A,N seems, at first sight,
challenging to obtain considering the assumptions we made on W in Section ?77.

Proof. The proof is in three steps. First, we recast the mirror descent updates given
in Equation (B5). Second, we explicit the primal-dual alternating minimization steps
in Equation (B4). Last, we show by induction that the primal updates of the two
algorithms coincide.

Mirror descent updates.

The gradient of Sy, n at gg € relint(Ag) is
s 1
VS, n(ge) = <N [%‘ + K[V¥a(g) = VPA(5 qu D : (B6)
1E[N]

Let’s now write the mirror descent updates for the function Sy, x With Ag-compatible
mirror map Ug, and step size n

s8) = V¥a(gs),

go™ e argmin By, (gs]|VEL(sY —ng®)), where ¢ = VSy, n(al).
g E€relint(Ag)

Using the definition of ¥ in Equation (B2),

£ (F)

Using in addition the expression of the gradient of Sy AN given in Equation (B6),

sO —ng® = (V\I’A(qz(t) ) —

2\3

(3 + 5[VEa () - VO Z ") "
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Recall that we usen = N <. It leads to
®) ®) 1 L )
t t t
s8 gt = <(1 —a)VUa(g"”) +a( vt V\IJA(N E 4 ))) . (B7)

j=1 1€[N]

We see with Equation (B7) above that we can consider each componenti € [N] of
the product variable separately. Using Lemma 17, this property remains true when
applying both the gradient of ¥ and the Bregman divergence generated by Wg.
Remark now that since QA = WA + Iay, we have for ¢ € [N], by [3, Proposition 3.1]

e argmin By, (@l VEA(s]” —ngl”)) = {VOA (s — ng”)},

4;
gi €rel int(AY)

N
_vor ((1— () _1 15,
= Vi ((1 a)VUa(g"”)+ a( it V\I/A(N ;qj )))
We now define the following iterates, for an additional notation

N
1
=(0) _ St+1) (t+1) _ s®
sV =0, s —aV\I/A(NE g )+ (1 —a)sh.

=1

Finally, we recast mirror descent updates (with the additional variable 5()) as

N
1 1 .
Y = voy ((1 ~ )V +a - S+ V(5 Zq§”))>, Vi € [N],
j=1

(B8a)
Lo~ (4)
s(t+1) _ il t+1 _a)5®
5 —aV\I/A(N;qi ) + (1 —a)s®. (B8b)
Primal-dual alternating minimization updates.
Now, we are going to detail the primal-dual updates of Equation (B4). Let §g) =

(31, ...,5®) € Sg be a product dual vector at step t, the decomposition update in
Equation (B4a) can be written as
qN(gH) = argmin S, N (§g), q('gj),
15 €A
L
= argmin = *(3l4)) + #(Qa(a) + QAGEY) - Vla))),

15 €A i=1

N
) 5 1
= argmin g Qalq)) — (3 — =vild)),
1€ e ;1 K
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— <VQ* (s ) _ ,7 ))

iE[N]-

The minimizer corresponding to Equation (B4b) can be written as

1
§g+2) € argmin Sq, N (S®,qé§“))7
S@ES’@
L
~(t+3 . ~(t+1 ~(t+1 * ~(t+1
5677 cargmin Y (ila ) 4 R(Qa @) + Qa(s) — (sildl ),
59 €Sy N i=1
1 1 1
§g+5) = (§(t+§),...,§(t+%)), where 5(+7) € argmin Q4 (s |—Z (t+l

seRY

N
(L) gl (i1 (441 1 (t+1)
5g ° —(s(t+2)7...,s(t+2)), where 3 Q)EGQA(NE q, )

%
=1

Finally, we reformulate the primal-dual alternating minimization updates of
Equation (B4)

gt = v (5 th%) Vi € [N], (B9a)
N

5t2) € 90a (- Z 3Y) (B9b)
=1

5D — o5(t+3) +(1-0a)s 5. (B9c)

Equality of the primal iterates.

We recall that we denote by Ha = aff(AY) the affine hull of the probability simplex,
and by Va the vector subspace of RY which is the direction of Ha. We have the direct
sum RY = Va & V. Given the iterates of mirror descent in Equation (B8), and the
ones of our primal-dual alternating minimization scheme stated in Equation (B9), we
show by induction that there exists a sequence of vectors z(!) € Vi such that

50 = 5O 4 ,® (B10a)
g = gD i e [N, (B10b)

)

For the initialization, we consider for both sequences
1
5O =50 -0 and ¢ =¢" =vai(- ;%), Vi € [N].

Then, we assume that Equation (B10) is satisfied up to step t > 0. We are going
to show it is also satisfied for step t + 1.

First, using Equation (B9), the hypothesis at step t (leading to §;
and the link between the subdifferential of 2o and the gradient of WA, there exists a

~(t+1) (t+1))

)
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vector z(t+3) € Vi such that

N
(¢4l 1 -
§t+3) ¢ GQA(N ;::1 ngt+1))7

1 o~ (41)

=1

N
- A (g ) 2
i=1

From this and the hypothesis at step ¢ leading to §*) = 5*) + 2! we have

gt — g5t+3) 4 (1— ERR

1

N
52 a ) (1= )5 a2t 4 (11— )

=1

= Oév\I/A(

L
z(t+1)eVA
5(t+1)

We have therefore shown the property for the dual iterates. We now focus on the
primal updates. Using the mirror descent Equation (B8), for ¢ € [N], we have

N
(t+2) . B (t+1) 1 1 (t+1)
" = vay ((1 )V¥A("") + o K%Jrvqu(N;:quj )))

q(t+1)

i

N
1 1 1
= v (11— 7w (V03 (1~ 20)) + a - S+ a5 2 )) ).
Jj=1

N
1 1 1
= VQi ((1 - a)(g(t) - +é2) +a( - + V‘I/A(NZQYH))))

s(t+1)

* [~ 1 ~
= VQi (30D — ~%) = qme.

In the computations above, we start with the assumption at step ¢t and the definition
of the mirror descent update. We then use the definition of (jgtﬂ), and the result on
the composition of the gradient of ¥ o and the gradient of {2\ given in Proposition 8.

Then, from the third to the fourth line we use the fact that for any s € RY and any
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vector z € VAJ-, we have

VQRA (s + z) = argmax(s + z|q) — Qa(q) = argmax(s|q) — Qa(q) = VQA(s),
geEAY gEAY

together with the assumption at stept¢. Last, we use the equality of the dual
iterates at step t + 1 up to a vector in VAl shown above. We eventually recognize the

definition of q~£t+2). Therefore, we have shown by induction that the primal iterates of
mirror descent stated in Equation (B5) and the ones of our primal-dual algorithm in
Equation (B4) coincide, whihe concludes the proof.

O

C Convexity of the Jensen gap of a separable function

In this section, we show that the Jensen gap is convex for a separable regularization ¥,
provided some regularity assumptions detailed below. This result applies, for instance,
to the squared and logistic losses that are commonly used in the Fenchel-Young learning
literature [3]. We plan to study the perturbation case in the future. Before proving the
main result of this section, let us first introduce a preliminary lemma.

Lemma 19. Let X be a convexr subset of R and f a conver, positive, and twice
differentiable function over X. Then the following inequality holds for all x € X :

(@) f(x) = 2(f'(2))*.

Proof. Let us define g :  — —1, with domain dom(g) = R, . Since g is concave

T
and increasing, (—f) is concave, the function go (—=f) : z € X — ﬁ is concave.
Furthermore, g o (—f) is clearly twice differentiable over X as a composition of two
twice differentiable functions with derivatives:

(go (=) (z) =~

o ()Y (g) = _ () (f'(2))*

The concavity of (g o (—f)) implies that, for all z € X:

@) (@)
(90 =A@ = =75z T2 (Ffa)r =°

Since f is strictly positive we can multiply the inequality by (f(x))® and obtain

f(@) f(z) = 2(f'(2))?,
which concludes the proof. O

Proposition 20. (Convezity of the Jensen gap of a separable reqularization) Suppose
that W is separable by coordinate, i.e. U(y) = Z;l:l W;(y(j)). Additionally, suppose that
the functions W; are strictly convex, twice differentiable, and their second derivatives
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. _ v )
W} are conver and positive. Then the function F(y) = .y W(y:) — W (y), where
y= % Zivzl Y; 1S convez.

Proof. First, observe that, since ¥ is separable by coordinate, we can write

—Zd:<2\lf Yi() — (ym))

Jj=1

where y;(; is the 4t coordinate of vector y;. F' is a sum of d terms, each depending
only on the j* coordinates of vectors (y;) 1<i<N, hence we can restrict the proof to
the unidimensional case d = 1 and the general convexity result follows.

We compute the gradients of F:

Vy F =V (y;) — ¥'(y)
U (y;) — 0" (g ifi==k
Vy Vy I = 1(y ,), _ N @) 1 Z
-~V (v) ifi#k

The Hessian matrix of F' is defined as

Hp(y) = In(¥" (1), ..., ¥ (yn)) " —*‘1’"( ) JIN

where Iy € RV*N ig the identity matrix and Jy € RNXN the square matrix whose
entries are all ones. In this case, F' is convex if, for all z € RY and y € dom(¥)¥, the
following inequality holds.

THF ) = ZxQ\P” Yi) <Z x1> U (g) >0
=1
We observe that this expression is exactly the Jensen gap for the function h defined
as:
hz,y) s (z,y) = 20" (y)
We will now prove that h is convex by computing its Hessian matrix.

In(a,y) = (209" (y), 220D (y))

20" (y) 229G
According to Silvester’s criterion, Hp(z,y) is semi-definite positive if both 2¢”(y) > 0
and det(Hp(z,y)) > 0. The first condition is verified since ¥ is convex, and the
determinant of Hp(x,y) can be computed as follows:

det (Ha(w,)) = 2020 () 9D () ~42* (0 ()2 = 202 (9" (1) WD () — 20 (1))?)

By the application of Lemma 19, we obtain that det(Hp(z,y)) > 0. Hence h is
convex, and its Jensen gap is non-negative, which concludes the proof. O
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D Proof of the bound on the surrogate error

In this appendix, we provide a formal proof of Theorem 6 on the surrogate error. We
place ourselves in the setting of (non-contextual) stochastic optimization. We therefore
have no context, but a collection of noise samples (;);c[n)- Let us first recall the
theorem.

Theorem 21. Letf € R? be a vector, and Ry (0) := Ran((Y " 0)icin)) be the
empirical risk in the stochastic optimization setting. Provided that QA is L-strongly
convex, which means VS is 1 -Lipschitz-continuous with respect to || - ||, the absolute
difference between the empirical risk and surrogate is bounded as

N
3 2
— < .
ISa, N (0) = RN (0)] < SN ILn > Il (D11)

1=1

From this inequality, we deduce a bound on the non-optimality of the solution to the
surrogate problem. Let s € argming So, n(0) and Or € argming R (0), provided that

QA is L-strongly convex, which means VU, is Z—Llpschztz—contmuous with respect to

[P

Riv(0s) = R(0) < LNZHW (D12)

Proof. We first give an explicit expression for the partial minimum Sq, n. Then, we
bound its absolute difference with the empirical risk R . Last, we deduce the bound
in Equation (D12).

Let 6 € RY,
SQA’N(G) = min SQA N((Y a)zE[N] Q®)
- e €Ay
1 N
. : T T
=N Z(%\%) + K[Qa(g) + QY T0) — (YT 0|g:)],

i=1

N
-3 D min (vla:) + £lQa(q) + QA (Y T6) = (Y 76lq)]

N
1 1 1
= 5 VAT~ 30)) Loy (YTOVA(YTO - ).

In the computations above, we use the definition of Sq, n, we recognize N independent
minimization problems, and then we use the strict convexity of Q2 and Fenchel duality.
Let now § € R? and i € [N], we recast the Fenchel-Young loss as

Lo, (YTG; VL (Yo - %%)),

1
= Q4 (Y'0) +Qa (VQ*A (YTo-— ;%)) —(YTO|VOQA(Y 6 - %ﬁ)%
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* * 1 1 N 1
1
1 1 U 1 1
= [ (Cu VA (YT — =y + =) )du — (=7 | VA (YT — =),
| GAHVRR (0= St E)du = (TR (TO = )
trol 1 u 1 1
= —%ilVOA(Y "0 — =i + =) — (=3lVQA(Y 0 — =) |d
/0 [(ﬁv VA ( —%i+ —7%)) = (=l VOA( NM u,
where we have used the equality case of the Fenchel-Young inequality. We now get the

bound

1
La, (YTQ; VQA (YT@ - ;’W))a

| 7ill ! . 1 u ) .
=k /0 [VRAYTO =~ 290) = VA (YT )

||%'||/1 lu ||l I
< _—— f d = .
-k Jy LHH’Y” Y 2L K2

’du,

Above we use in turn Cauchy-Schwarz inequality, and the %—Lipschitz—continuity of the

gradient VQ4 . Let now 6 € R?, we derive a bound on the following absolute difference

b

N
1 . 1 §
S 8 (0) = RN(0)] < 5= > [(ul VAR (Y0 — ) = VA (Y T6))

i=1

N
+ % > La, (YTe; VA (Y To - %%)),

i=1

IN

N
1 1 |7:]]
N;H%IILHH%IHK

2LK2’
g N
< - 112
< g 25 Il

The computations above are based on the triangular inequality, Cauchy-Schwarz
inequality, the %—Lipschitz—continuity of the gradient VQ% , and the bound on the

A
Fenchel-Young loss derived above.
Last, let 85 € argming Sp, n(#) and Oz € argming Ry (6),

Rn(0s) = RNn(Or) = RN (0s) — Sas,n(0s) +Sas,n(0s) — Sas,n(0R) + S N(OR) — RN (OR),

P N <0 P N
<snim ZileVz‘HQ = <snim Zizlllw\P

3 N
< - 112
< NLK;II%II
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We have used twice the inequality above, and the definition of s € argming So, n(6),
which concludes the proof.

E Technical proofs on regularization functions

Proof of Proposition 7. Given the assumptions in the preamble of the proposition,

1. The function 2 belongs to the set of proper Ls.c. convex functions I'g(R?), thus for
any 6 € R, the supremum over the compact C of (f|-) —€2(-) is finite and attained,
thus dom(Q*) = R%. Recall that, as Q is in I'y(R?), using the computations of
[19, Theorem 23.5], 9Q*(0) = argmax, (0|y) — Q(y). As Q is strictly convex, the
argmax is reduced to a single point, and Q* is differentiable over R?. Therefore,
we have for (y,0) € (R?)2:

0 € 00(y) <= y€IN(h) — y=VQ(0).

Therefore, for y € relint(C), we have VQ*(0Q(y)) = y.
2. Let yo € C and 6 € R? be decomposed as 6 = 6y + 0y, .. Note that for all y € C

we have (Oy 1 |y) = (B2 |yo), since Oy 1 is orthogonal to the direction of the affine
hull of C. Thus,

() = sup(Oy + Oy 1 |y) — Qy) = (Ov -+ |yo) + sup(Ov]y) — Q(y),
yeC yeC

which yields the result.
3. Let (y,9') € H?, 6 € 09(y), by definition of the subgradients, we have

Q") —Qy) > Oy —y) = Ty D)y — ),

since 3’ — y belongs to V. Therefore we have shown that IIy (6) € 9(Qz)(y).
Conversely, let y € H and 6 € V be an element of 0(Q)(y), for y' € R? and
eV, )
Q) = Qy) + (0 + 0y — ),
since either y' ¢ H and Q(y') = +oo, or y € H and y' —y € V therefore
Oly’ — y) = 0. We have shown the first equality in Equation (32).
Equation (33) comes from the fact that )z is Legendre-type, thus differentiable,
and for y € relint(dom(£2)), 9(x)(y) = {V(Qx)(¥)}
O

Proof of Proposition 8. Let Il be the linear orthogonal projection onto V. W.l.o.g.,
we consider the case H = V, which means the affine hull of the domain of Q2 is actually
a vector subspace in R?. Extending to the affine case involves a translation. We define
the following application:

U: RS R

v AT () + 3 lly ~ Ty IR,
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where TIy-(y) is seen as an element of R? here. When it is the input of the restriction
of Q to V, we see it as an element of V. Notice that by definition, Q = ¥ 4 I.. We are
going to prove that ¥ is a Legendre-type function. We first show that ¥ defined as
such is essentially smooth by checking the three properties of the definition.
1. Since dom(Q2) = C C V and | - ||% is defined over R?, the domain of ¥ is
dom(¥) = C® V+, and int(dom(¥)) = relint(C) & V+, which is not empty. We
therefore have

C C cl(int(dom(¥))), and int(dom(¥))NC # 0.

2. By composition with linear projections and sum, W is differentiable over
int(dom(¥)). We denote by Ji, the Jacobian of Iy, that can be seen as the
canonical injection of V' into R%. Let now (y, h) € int(dom(¥)) x R? be two vectors
such that y + h € dom(¥),

Wy + 1) = ATy (y + 1) + 5lly -+ b~ Tl (y + B3
= Oy (y) + T (1) + gy ~ Ty (y) + b — T ()3
= O (T (9) + (m, () (T () Ty () -+ of Ty ()],
45 lly = T @)1+ — T )l — Ty () + o a — Ty (R)]),
= (1T (3) + (Jn, V(@ )(Iy ()T (1) + b — Ty (1) + of ],
45l = Ty (I + {y — Ty () — Ty (k) + Ty () + of Al
= W) + (i, V() (T (9) + Ty () )+ o]

In the computations above we use the linearity of Ily, the fact that 2 and Q)y
coincide over V, that €}y is Legendre-type thus differentiable, and the orthogonal
sum R? = V @ VL. Therefore, we have shown that the gradient of ¥ is given by:

VU(y) = @/V/ VO (Ily(y) +y — v (y).

Canonical
injection
V—R?

3. The boundary of int(dom(¥)) is
bdry (int(dom(¥))) = cl (relint(C))\ relint(C) & V*.

Indeed, int(dom(¥)) = relint(C) @ V+ is isomorphic to relint(C) x V*,
bdry(V4) =0, cl(V+) = V+, and for two sets S; and Sy

bdry(S; x S2) = (bdry(S1) x cl(S2)) U (cl(S1) x bdry(S2)),
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where the boundaries in the right-hand side above are computed with respect to
the topology corresponding to each set.
Let now p be in bdry (int(dom(¥))), and let (u;);en be a sequence

in (int(dom(\I/)))N, such that

lim p; =p= Iy () +p =y ().
—— ————

1—+o00

€cl (relint(C))\rel int(C) ev+
Since IIy is continuous,

lim Iy (pi) =Ily(p), and  lim p; =y (u) = p— Iy (p).
~—_———

1——+o00 —— 1—+00
€relint(C) evt

Now, using the fact that Q) is Legendre-type, the expression of V¥ above, and
the reverse triangular inequality,

VU (i)l = [y V(v ) Ty (1)) + i — Ty ()]
> |1y V() @y ()| = [ — Ty ()] ]-

—too =|lp=Tlv (W)]]

Therefore, we have shown that lim; , 4 ||V ()| = +o0.
Let us finally show that W is strictly convex. We first remark that dom(¥) is convex
since both C and V+ are. Let (y1,y2) be in (dom(¥))?, with y; # 2, and let ¢ be in
(0,1). To ease notations, we denote y} = Iy (y;), and yi- = y; — Iy (y;),

1
U(tyr + (1= Hya) = Qty)’ + (L= )yy) + 5 lltwr + (1= e |13,

1 1
<tQyy) + (1 -2y ) + t§||yf||2 +(1 - 75)§Hyll||27
=tU(y1) + (1 =) ¥(y2).
The first line is by linearity of the orthogonal projection onto V. Further, as y; # y»

we have y}” # yY or yi- # ys, thus the strict convexity of  over C and of | - ||3 yields
the second line. We have therefore shown that ¥ is a Legendre-type function.

We now consider its Fenchel conjugate U*, and study its domain. Let § € R,
decomposed as 6 = 0y + 0y, where 0y =11y (6) and 0y, =60 — Oy,

v (0) = S:H@{Wlw - ¥y}, (E13a)
= s {<9v|Hv(y)> — Qv () + Oy ly — v (y)) — %Hy - Hv(y)H%},
(E13b)
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1
= sup {{Bvly) — Q) + Bvalyv) — Sl B}, (E130)
yvEeV,
Z/VJ_GVJ'

. 1
=@ (0) + 5l10v- 13- (E13d)

Now, since Q* has full domain using Proposition 7, we have dom(¥*) = R9,

We eventually show the property on the composition of the gradients of ¥ and
Q*. First, we highlight that by Proposition 7, Q* is indeed differentiable over R?.
Its gradient corresponds to the regularized prediction defined by Equation (29), and
belongs to the relative interior of the convex compact set C. Let 6§ € R? be a vector
decomposed as 6 = 0y + 6y, where 0y = Iy (0) and 0y, = 0 — Oy. Then we have

VOH(0) = VO (Oy) = Ju, VO (0y).
—~—

Canonijcal
injection

V—R?

Therefore, applying the gradient of ¥ leads to

V\P(VQ*(G)):V\IJ(JHVVQT‘V(GVH—\O/),

i
€relint(C) ev

= JHVVQW(VQTV(GV)) +0,
— 0y — 60y .
——

zeV L

In the computations above, we use the expression of the gradient of ¥, and the
fact that the restriction 2y, of 2 to V' is a Legendre-type function with Fenchel
conjugate Ql*v. Therefore, we have shown that there exists a vector z € V* such that

VU (VR (0)) =0+ 2. 0

Proof of Lemma 12. Let (s1,s2) € (Va)?, 81 # s2 be two vectors. We are going to
show that
argmax{s: (y) + =2y} N argmax{ss(y) + 27y} = 0,
yey yeY
for Z almost everywhere with respect to the Lebesgue measure in an open ball in R?.
Since Z follows a non-degenerate Gaussian measure, the result yields.
Suppose first that

argmax s1 (y) N argmax sz (y) = 0.
yey yey

Then, a ball centered on Oga with sufficiently small radius gives the result.
Let now y* be a common maximizer of s; and sy. Since s; and s are elements of
Va = span(1)*, and they are distinct, they are not equal up to a constant. We can
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thus fix a ¥ € Y such that

51(y) — s1(y") # s2(y) — s2(y").

In particular, it implies that y does not belong to the intersection of the argmax,

¥ ¢ argmax s1(y) N argmax s (y).
yey yey

Let Z be in the relative interior of the normal cone of conv()) at 7, such that the
function g defined as

gry—eZ'y,
is injective over ). It is possible since the normal cone is full dimensional, and the
union of the hyperplanes where two dot products are equal is not full dimensional.
Then, for A € R, sufficiently large,

argmax s1(y) + eAZ 'y = argmax sy(y) + eAZ 'y = {7}
yey yey
For i € {1,2}, let us define F; as the single variable function

Fi:AeR— max (si(y) +eXZTy) — si(y").
yeE

Note that if there exists A* € R such that argmax,cy, (s:(y)+A*eZ Ty) fori € {1,2}
are disjoint singletons, then considering a small enough open ball around the vector
\*Z gives the result. We now show that such a \* exists.

Since Y is finite, for ¢ € {1, 2}, F; is a maximum of a finite number of affine functions
in A, it is therefore a piecewise affine function. Since g is injective, for ¢ € {1,2}, there
exists a collection of k; + 1 real numbers, k; € N, k; > 1, denoted as 0 = \j < ... < )\fC
and a unique collection y* =y, ... ,y}cb = ¢y of two-by-two distinct vectors such that

Fl(/\) = Sl(y;) + SAZTy; - Si(y*)7 VA€ [ 3’—17 _Zj]

Furthermore, the fact that ¢ is injective implies that y; is the unique maximizer
over Y of y v si(y) +eAZ Ty for A €JX%_;, . If the collections for i € {1,2} are not

J=17
identical, the proof is finished. By contradiction, we assume that the two collections
are identical and denote by 0 = X\p < ... < A; and y* = y1,...,yr = ¥ the common

collections.

Let j be the smallest ;' € [k] such that s;(y;/) — s1(y*) # sa2(y;jr) — s2(y*). It exists
since the inequality holds for y. Without loss of generality, we can assume from now
on that s1(y;) — s1(y*) > s2(y;) — s2(y*). For i € {1,2}, we define \; as:

A := min{\ | y; € argmax (si(y) + 5)\ZTy)}.
yey
We eventually get a contradiction by proving A\; < Ap with the following inequality.

s2(y;) — s2(y*) + Mg(y;), (El4a)
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< s1(y;) —s1(y") + Mg(ys), (hypothesis right above), (E14b)

=s1(y;1) —s1(y") + ;\19(y3_1), (Both y; and y;_; are optimal at the junction),
(El4c)

= s2(y;5_1) — s2(y") + :\w(y;_l), (by definition of 7). (E14d)

Hence, for A = A; + n with n > 0 sufficiently small, y; is the unique argmax of
s1(y) + Ag(y) and y;_; # y; is the unique argmax of s3(y) + Ag(y). O

Proof of Proposition 1. To derive Equation (19b) remark the following. First, Sq, v is

defined as the sum of Sq,, and since w® is fixed, we obtain N independent problems.
(

Now, using the expression of S, , we see that qitH) belongs to the minimizers of

Qs () = (¥ ()Tt () = )

Using Fenchel duality, we recognize VQ7, y.,) (Y(mi)Tgou—)m () — %%-).
For the dual update in Equation (19c¢), using the expression of Sq, , and omitting

the term that does not depend on w, we can first recast Equation (18b) as

N

1
o) Sz Y (@) pula); gl ).
ol € argmin w3 Loac, (V) Tou()ia™)

Now, we leverage the computations of Section 3.2. In particular, based on the
regularization function Qay ) on distributions in AY(*)| we define a regularization
function Q¢(,) on the moment space C(z) = conv()(z)) as in Equation (20). We then
use Proposition 9, more precisely Points 1-2; to get Equation (19c). O

Proof of Proposition 3. For the primal update in Equation (22a), we can reformulate
Equation (19b) in this perturbation setting

L v 1
T =Y (@)g" =Y (@) Ve ae) (Y (@) oo (@) — ),

1
= Y(xi)EZ[ argmax (Y(mi)Tgou—)(t)(xi) — =i+ EY(mi)TZ\qi>],
qi €AY (=) K

. 1
=Ez [Y(xl) argimin <(7C(xi7 y?él) - (9011)(") (1'1) + EZ)Ty)yey(w) |ql>]7
g eAY@) R v

= Egz [ argmin c(z;,yi, &) — (0o () +€Z) Ty
yi €Y (x5)

In the computations above, we use Proposition 11 for the expression of the gradient of

the function F; A(,,), and the fact that the minimum of the linear optimization problem
in ¢; is attained (almost surely) at a vertex of the simplex AY (i) " corresponding to
a Dirac on a point y; € Y(z;). We see that the two constants k and e play similar
roles in this setting. Up to a re-normalization of the ML predictor ¢,,, we keep the
hyper-parameter € to tune the regularization scale.
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For the dual update in Equation (22b), we simply use the expression of the

Fenchel-Young loss in the perturbation setting, and omit the terms that do not depend

on w. O
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